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Résumé - Nous décrivons une nouvelle approche de simulation nodale, ainsi qu’un modele théorique
correspondant, permettant de quantifier la conduction thermique a travers la phase solide dans des
réseaux fibreux tridimensionnels, en considérant 1I’impact des résistances de contact entre fibres. Nous
démontrons que la conductivité solide peut étre calculée par une courbe maitresse, uniquement a partir
de parametres géométriques du milieu, en particulier dans le cas de milieux peu denses. Cela constitue
un outil de prédiction puissant a appliquer a I’étude d’isolants réels comme la laine de verre, notamment
pour rechercher des stratégies d’optimisation basées sur les parametres structuraux des matériaux.

Abstract - We describe a new nodal simulation approach, and a corresponding theoretical model, to
quantify thermal conduction through the solid phase in three-dimensional fibrous networks, with the
impact of fiber-to-fiber thermal contact resistances. We demonstrate that the solid thermal conductivity
can be calculated by a master curve, based solely on geometric parameters of the medium, particularly
in the case of low-connectivity. This provides a powerful predictive tool to be applied to the study of
real insulation materials, to develop in particular optimization strategies based on structural parameters.

Nomenclature
l fiber length, m H vertical distance between two centers of
Kcond,solia solid thermal conductivity, Wm ™K1 fibers in contact, m
0; polar angle of a fiber i, rad N, number of contacts per fiber
©i azimuthal angle of a fiber i, rad ng areal fiber number c;ensity through a hor-
) izontal section, m~—
Z g}:;n dfi‘l:gefga;angle’ rad kot predicted solid thermal conductivity at
V fiber volume f’raction Ry = 0 by Refs. 15, 16], Wm ™K
f a fiber aspect ratio
Ty lower boundary temperature, K ko simulated solid thermal conductivity at
AT temperature difference applied be- Ry — 0. Wm—1K-!
k P

tween the two heat baths, K h corrective prefactor for kcond, solid
ki fiber thermal conductivity, Wm ™K~ 6T;; corrective term for the temperature dif-
Q transverse heat flux, W ference at a contact, K
Ry, fiber thermal resistance, KW ! VT, temperature gradient applied between
Ry, fiber-to-fiber thermal contact resis- the two heat baths, Km ™!

tance, KW 1 (Ne) minimum average number of contacts
T geometry-modified thermal resistance per fiber

ratio (.) refers to network-scale averaged quantities
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1. Introduction

Understanding heat transfer in fibrous insulating materials, especially conduction, is a ma-
jor challenge due to their heterogeneous and multi-scale nature. The thermal performance of
a material can be quantified by its effective thermal conductivity, which can be expressed as
a sum of the different contributions to heat transfer for sufficiently low densities, according to
the additive approximation introduced by Bankvall [1]. This means that all contributions are
assumed to be uncoupled and can be studied separately. In fibrous materials, four mechanisms
can be identified: convection, conduction through gas, conduction through solid, and radiation.
Although many studies have been conducted to quantify the radiative [2] and convective [3]
contributions, only a few have considered the conduction term, especially the one associated
with the solid phase. However, studying this mechanism is essential to understand how the ma-
terial’s structure can impact its final thermal properties and to integrate the relevant parameters
into predictive models in order to identify new strategies for minimizing heat transport.

As solid conduction cannot be experimentally measured separately, numerical modeling is
the most appropriate tool for its quantitative analysis. Numerical fibrous media can be recon-
structed from images of real structures, acquired, for example, by X-ray tomography [4], or
can be generated virtually, which is a faster approach. Representative numerical structures of
insulation materials have been produced for example in various studies [5, 6], using a modified
random walk generation method and a specific fiber orientation distribution [7] representing the
directional morphology of these materials. Then, conduction through the solid phase in fibrous
media can be numerically computed using different methods. Phonon transport at the atomic
level can be investigated using molecular dynamics: this has in particular been used to study the
diffusive-ballistic transition of heat conduction in metallic nanotubes and the associated finite-
size effects [8]. For microscopic glass fibers, where heat transport is purely diffusive, such
small-scale calculations are not necessary, and the most precise approach consists in using finite
element analysis [6], although it requires considerable computing time and resources. However,
if only solid conduction is studied, nodal methods can also be used, allowing for an increase in
the simulation volumes. It is a common approach in the field of electrical conduction [9, 10],
but it has not been widely applied to thermal conduction [11].

Using these various methods, the impact of the Biot number on the evolution of solid conduc-
tion in fibrous networks has been demonstrated in the presence of fiber-to-fiber thermal contact
resistances [12, 13]. From a theoretical perspective, different models have been proposed but
the most advanced to date is that developed for dense networks of straight nanofibers, in 2D by
Volkov and Zhigilei [14, 15], and in 2D and 3D by Zhao et al. [16], that includes the impact
of morphological parameters. Originally developed to describe carbon nanotube networks, this
model must however be compared with simulation results that account for variations in all fiber
geometric parameters and thermal contact resistance in the 3D case. Furthermore, its range of
validity has not been precisely examined.

In this study, we use a multi-nodal representation to calculate the solid thermal conductivity
in virtually generated 3D media with straight fibers. The results obtained are compared with the
outputs of the previously mentioned model, and an enhanced theoretical framework is proposed
to correct the observed deviations. Using this new model, we introduce an innovative represen-
tation of the evolution of solid thermal conductivity in 3D fibrous networks, under the form of
a master curve, as four fiber parameters - orientation, length, diameter and density - along with



thermal contact resistance, are varied. Finally, we demonstrate the relevance of this predictive
approach in the context of studying a real-world insulation material, taking the specific example
of glasswool.

2. Numerical methods
2.1. Numerical generation of a network of connected straight lines

Three-dimensional fibrous media are numerically generated as assemblies of straight lines,
representing fibers, within a cubic computational domain of size L, with the final aim of calcu-
lating their solid thermal conductivity k.onq soiia- These fibers are assigned a prescribed orienta-
tion distribution and a constant length [. The orientation is defined by a pair of angles (6;,p;) in
spherical coordinates, as shown in Fig. 1(a): the azimuthal angle ¢; is chosen from a uniform
distribution, while the polar angle ¢; is sampled according to the [5-orientation distribution, pre-
viously used in various studies to model fibrous insulation materials (see Refs. [5, 6] for details).
The mean value of the polar angle 6 at the network scale is determined by one adjustable pa-
rameter in this distribution. A constant fiber diameter d is also defined and acts as the distance
threshold for detecting contacts between fibers. This means that as a first approximation, fibers
are modeled by soft-core, i.e., interpenetrating objects. The fiber volume fraction V7 is defined
in this study as the volume fraction obtained after removal of unconnected fibers, that cannot
contribute to heat transfers. Periodic boundary conditions are applied at the lateral edges of the
cubic simulation domain. Fig. 1(b) shows an example of generated network using our numerical
approach with identification of contact points.

2.2. Resolution of a steady-state heat transfer problem including thermal contact resis-
tances using a nodal method

The steady-state transverse thermal conductivity through the solid phase kconq solia - 1.€., in
the cross-plane direction for the fibrous medium, is computed numerically using the config-
uration of the guarded hot plate experiment, shown in Fig. 1(c). Two plates with different
temperatures 1" = T, and T" = T}, + AT are located at the lower and upper boundaries of the
simulation domain, respectively. The four other side boundaries are assumed to be adiabatic,
and the fiber thermal conductivity is fixed to kg;, = 1.3 Wm K™, the value for silica glass.

A nodal method is implemented to compute the transverse heat flux () in the medium and
therefore the associated solid thermal conductivity. It assumes uniform sections in temperature,
i.e., unidirectional conductive heat transfer within each fiber: indeed, since only conduction
through the solid phase is considered, the external surface of the fibers must satisfy adiabatic
conditions. This approach is based on the representation of the fibrous medium by a equiva-
lent thermal circuit of temperature nodes and resistance branches. In particular, the multi-nodal
representation is used, considering both the internal thermal resistance of fibers [2¢;, and the
thermal contact resistance [?: each fiber fragment between two contacts and each contact con-
stitutes a branch in the circuit, bounded by two nodes. When fiber extremities do not make
contact with any other fiber, they are assumed to be adiabatic and are therefore excluded from
the thermal network.

In the steady-state, the resulting thermal network can be described by algebraic graph theory.
The temperature in each node and the heat flux in each branch can be therefore obtained from
the resolution of a single matrix equation (see Refs. [10, 11], in which a similar approach is
used, for details on the resolution method). Then, the total heat flux () is computed by adding



the contributions from the branches in contact with the upper or the lower edge of the simulation
domain, and the solid thermal conductivity is calculated by the following expression:

QL
L2AT
Here, the temperatures are arbitrary fixed to 7;, = 300 K et AT = 1 K ; however, these values
do not influence the results as the thermal conductivity of individual fibers k¢;;, and the fiber-
to-fiber thermal contact resistance R, are assumed to be independent of the temperature. This
hypothesis is valid for narrow temperature ranges (A7" < 20 K), in accordance with the usual
configurations for guarded hot plate experiments.

ey

kcond,solid -

For each set of input parameters [, 0, d and Vs, the size of the cubic simulation domain
L is fixed so as to reach a Representative Volume Element (RVE), defined in this study as
the minimal simulation volume for which the relative error on the solid thermal conductivity
Econd,solia OVer 5 realizations at a 95% confidence interval is lower than 5%. A minimum volume
is also fixed to ensure that no single fiber is connected to both heat baths at the same time, and
that self-interaction due to finite-size effects is limited. The selected value of solid thermal
conductivity is the mean of ko4 s01i¢ OVer 5 realizations at the RVE, associated with its 95%
confidence interval.

(b)
Ty,
+AT

Ty

Figure 1 : (a) Coordinate system used for fiber generation. (b) Example of a generated network
with identification of contact points. (c) Example of a simulated temperature field distribution
resulting of a guarded hot plate configuration.

3. Results and discussion

3.1. Effect of fiber-to-fiber thermal contact resistance for different network morphologies
and comparison with existing conductivity models

Solid thermal conductivity is simulated for generated networks with different morphologies,
varying independently V7, [, d and 6, and with different values of fiber-to-fiber thermal contact
resistance Rj. The studied ranges for the morphological parameters are chosen to include the
average values estimated for glasswool: volume fraction is lower than 10%, fiber length is of
the order of 1 mm, fiber diameter is of the order of 10 um, and the mean polar angle is around
80° [17].

Following the theoretical framework previously introduced by Zhao et al. [16] and Volkov
and Zhigilei [14], a dimensionless parameter 7 including the variations of all these parameters
is introduced :

_ 2l(JcosO]) Ry Ry(|cosO|)kspmd?

(H)(Ne) Ryip 2(H)(Ne)
where (/N.) is the average number of contacts per fiber, (H) is the average vertical distance
between two centers of fibers in contact, and (|cos f|) is the average cosine of the polar angle of
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fibers. r can be interpreted as a geometry-modified Biot number, showing an interplay between
intrinsic fiber thermal resistance Ry, = #ﬁrcp and thermal contact resistance Rj,. The authors
expressed the solid thermal conductivity in a dense three-dimensional fibrous network as :

1 1 1

kconsoi: kz d2 z 0)—— =k
dysolid = 7 ivmd™(n)(|cos |>1+r 07th1_|_r

3)

where (n) is the average areal number density of fibers through a horizontal section, and kg 4, =
Thrapmd?®(n.)(|cos 0]) is the theoretical value of the thermal conductivity at Ry, = 0.

Fig. 2 compares the normalized simulated solid thermal conductivities obtained in this present
work with the predictions of Eq. 3, varying individually the fiber volume fraction, aspect ratio
a = l/d, and orientation. Figs. 2(a) and (b) indicate that the agreement between dense network
theory and simulation is acceptable for the highest volume fractions and aspect ratios only. In
contrast, Fig. 2(c) shows that it is unchanged by the mean angle of the fibers in the studied
range. The simulation results obtained in this study therefore form a validation approach and
suggest that the model developed by Zhao et al. [16] and Volkov and Zhigilei [14] should in-
clude correction terms to treat the case of low to moderate volume fractions or aspect ratios to
gain accuracy.
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Figure 2 : Solid thermal conductivity normalized to ko, the theoretical thermal conductivity at
Ry = 0, as a function of the characteristic dimensionless parameter r, for (a) different volume
fractions V¢, (D) different aspect ratios a, and (c) different fiber orientations governed by the mean
angle to heat flux direction 0. The base parameters are Vi = 0.01, a = 100 and 0 = 57.3°. The
black dashed line shows the predictions of Eq. 3.

3.2. Origin of the drop in thermal conductivity at low connectivity and introduction of a
general theoretical description

Colored symbols in Fig. 3 show the evolution of k¢ /k s, the ratio of the simulated thermal
conductivity at R;, = 0 to its corresponding estimation by the initial model, as a function of the
average number of contacts per fiber (/V.) for the different combinations of input parameters
introduced in Fig. 2, using the same color representation. This figure first demonstrates that
unlike fiber orientation, volume fraction and aspect ratio have a significant effect on (/N.). This
quantity can be interpreted as a measure of the degree of connectivity of the fibrous network.
Fig. 3 also highlights that the extent of the observed deviation between model and simulation
depends solely on this degree of connectivity, independently of the values of a and V. Indeed,
in a highly connected network, nearly all fibers participate in heat transfer, whereas in a poorly
connected network, only a small fraction contributes: in this case, correlations between fiber
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Figure 3 : Deviation kq/ko, corresponding to Figure 4 : Master curve for the evolution of the
the data displayed in Fig. 2 (colored markers), solid thermal conductivity, allowing predictions
compared to the correction h calculated with based on the morphological parameters and the
Eq. 5 (round markers) and the associated best thermal resistance ratio. The base parameters
fit function given by Eq. 6 (dotted line). are Vy = 0.01, a = 100 and 0 = 57.3°.

temperatures may become significant. To take these phenomena into account, we have devel-
oped a new theoretical model, following an approach similar to that described in Ref. [15] for
2D networks. This model gives this new expression for the solid thermal conductivity:

1
kccm solid — k h 4
dsolid = Koni 7= 4)
with (5T,
h=1+ o2t 5
+ VT )

where (67;;) represents a corrective term for the temperature difference at junctions estimated
by the initial model, and VT, = AT/L is the global temperature gradient imposed in the
sample. The term (67;;) can therefore be estimated as the difference between the actual average
temperature difference at contacts measured directly from simulations and that predicted by the
initial model; it represents the influence of correlations between the temperatures of the fibers
in contact. In Fig. 3, round markers represent the evolution of / estimated from our simulation
results using Eq. 5 and the method described above: this figure shows a good agreement between
this proposed correction and the observed deviation kg /ko . Finding 0 < h < 1 indicates
that (67;;) is negative, i.e., that temperature differences at junctions are lower in average in
the modified model. Indeed, taking correlations into account reduces temperature differences
between closely positioned fibers, particularly those in direct contact. While the ratio kg /ko s,
is expected to approach 1 as connectivity increases, it is observed that the values obtained from
simulation results exceed 1 in some cases, suggesting a slight overestimation. However, the
direct calculation of h seems to have addressed this discrepancy, leading to a higher level of
accuracy in the results. The dotted line shown in Fig. 3 represents the best fit to the numerical
data for h using a rational function of (IV.), chosen of the form of Eq. 5 with three adjustable
parameters. The obtained function can be expressed as:

<Nc>l -1

h=1- <Nc>_1

(6)



where (N.); = 2.18 is the minimum average number of contacts per fiber for a conductive
network, i.e., it corresponds to the percolation threshold. The significance of this function,
that correctly describes the evolution of h, lies in its dependence on (N.) only, which is a
parameter determined by the geometry of the network. Consequently, it makes the prediction of
solid thermal conductivity without solving complex heat transfer problems in fibrous networks
possible even at low connectivity, directly using Eqgs. 6 and 4, which saves a significant amount
of computing time and resources. Fig. 4 shows the result of this improved prediction method
under the form of a master curve, which is an innovative way of describing the evolution of
solid thermal conductivity. Compared with Fig. 2, it highlights the relevance of the proposed
theoretical model even for low to moderate fiber volume fractions and aspect ratios.

3.3. Application to the case of glasswool

To practically illustrate the interest of the modeling approach developed in this study, the
example of glasswool can be considered. The vast majority of distributed glasswool materials
exhibit densities below 70 kg.m ™3, which approximately converts into volume fractions below
3%, considering a glass density of 2200 kg.m 3, and the average fiber aspect ratio is estimated
around 100 [17]. The theory developed by Komori and Makishima [18], supported by more
recent studies [14], establishes a link between the average number of contacts and these input
parameters: for 3D networks, (V) = 2aV}. Using this expression, the maximum number of
contacts per fiber in distributed glasswool can be estimated to be approximately 6. The area
corresponding to (/NV.) < 6 in Fig. 3 shows that the correction A is lower than 0.8 in this case,
and thus begins to significantly deviate from 1. This suggests that glasswool can be considered
as a material with low connectivity, for which the proposed modified model is essential to
accurately predict the associated solid thermal conductivity. Our approach therefore provides
a robust predictive tool that can be applied to the analysis and optimization of real insulation
materials.

4. Conclusion

In summary, we have numerically generated 3D fibrous networks and we have developed
an original and efficient nodal simulation approach to calculate their steady-state solid thermal
conductivity, integrating the effect of fiber-to-fiber thermal contact resistances. We have demon-
strated that its evolution is governed by a master curve which depends on a characteristic ratio of
thermal resistances; this approach also constitutes a first validation of the most advanced theo-
retical model available to date, that shows a deviation in the case of poorly connected networks.
This low-connectivity regime particularly applies to the case of insulation materials such as
glasswool, in which fibers exhibit relatively low aspect ratios and low densities. We have intro-
duced a novel theoretical model that is particularly well-suited for this case and demonstrated a
substantial improvement in accuracy when calculating the resulting solid thermal conductivity,
as validated by comparison with our simulation results. This model can be expressed in a sim-
ple form, depending entirely on the morphological parameters of the medium, allowing for the
prediction of solid thermal conductivity without the need for heat transfer calculations.

This work paves the way for further investigating the impact of thermal contact resistance on
the global thermal properties of insulation materials. The relevance of the model developed in
this study has been demonstrated for a wide range of thermal contact resistances: next, we plan
to perform local experimental thermal contact resistance measurements to select the accurate
order of magnitude in this modeling approach. In addition, we are currently investigating the
integration of distributions for the input parameters, based on real measurements, to account for



a certain heterogeneity in the materials; this also applies to the thermal contact resistance. In
this regard, the correlations that might exist between morphological parameters in real-world
materials will also have to be considered.

References

[1] C. Bankvall, Heat transfer in fibrous materials, Byggforskningsradet (BFR), D4 (1972)

[2] T. Tong and C. Tien, Analytical Models for Thermal Radiation in Fibrous Insulations, J. Therm.
Insul., 4-1 (1980) 27-45.

[3] C. Langlais et al., A theoretical and experimental study of convective effects in losse fill thermal
insulation. ASTM, STP 1030 (1990) 290-318.

[4] R. Meftah et al., Multiscale characterization of glass wools using X-ray micro-CT, Mater. Charact.,
156 (2019) 109852.

[5] R. Arambakam et al., A simple simulation method for designing fibrous insulation materials, Mater.
Des., 44 (2013) 99-109.

[6] H. Kallel and K. Joulain, Design and thermal conductivity of 3D artificial cross-linked random fiber
networks, Mater. Des., 220 (2022) 110800.

[7] K. Schladitz et al., Design of acoustic trim based on geometric modeling and flow simulation for
non-woven, Comput. Mater. Sci., 38-1 (2006) 56-66.

[8] X. Gu et al., Thermal conductivity prediction by atomistic simulation methods: Recent advances
and detailed comparison, J. Appl. Phys., 130 (2021) 210902.

[9] C.G.d. Rocha et al., Ultimate conductivity performance in metallic nanowire networks, Nanoscale,
7 (2015) 13011-13021.

[10] D. Kim and J. Nam, Systematic analysis for electrical conductivity of network of conducting rods
by Kirchhoff’s laws and block matrices, J. Appl. Phys., 124 (2018) 215104.

[11] C. Ghiaus, Causality issue in the heat balance method for calculating the design heating and cooling
load, Energy, 50 (2013) 292-299.

[12] N. Fata et al., Effect of junction-to-nanowire resistance ratio on the percolation conductivity and
critical exponents of nanowire networks, J. Appl. Phys., 128 (2020) 124301.

[13] J.-P. Vassal et al., Modelling microstructure effects on the conduction in fibrous materials with
fibre—fibre interface barriers, Modell. Simul. Mater. Sci. Eng., 16 (2008) 035007.

[14] A.N. Volkov and L.V. Zhigilei, Heat conduction in carbon nanotube materials: Strong effect of
intrinsic thermal conductivity of carbon nanotubes, Appl. Phys. Lett., 101 (2012) 043113.

[15] A.N. Volkov and L.V. Zhigilei, Thermal conductivity of two-dimensional disordered fibrous ma-
terials defined by interfiber thermal contact conductance and intrinsic conductivity of fibers, J. Appl.
Phys., 127 (2020) 065102.

[16] X. Zhao et al., Thermal conductivity model for nanofiber networks, J. Appl. Phys., 123 (2018)
085103.

[17] Private communication, Tech. Rep., Saint-Gobain Recherche Paris (2024)

[18] T. Komori and K. Makishima, Numbers of fiber-to-fiber contacts in general fiber assemblies, Textile
Res. J., 47 (1977) 13.

Acknowledgements

This work pertains to the French government program “France2030” (EUR INTREE and
LABEX INTERACTIFES), and is supported by the “Investissements d’ Avenir” program launched
by the French Government (Labex WiFi) and by the ANRT (Association nationale de la recherche
et de la technologie).



