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System iden+fica+on

A model Fq that relates the 
temperature change yj(t), 
j=1,…,Nc, of sensors to the 
thermal BC qi(t), i=1,…,Nq (can 
be either a temperature, a heat 
flux or a source) is iden%fied
from measurements of those 
quan%%es.

The model « learns » from the 
data 



Poten+al applica+ons

- Simulation
- Control
- Estimation of q(t) (IHCP)
- …



Fq model structure (monovariable system)

figure 1. The main advantages of the system identification approach are therefore:

• The number of parameters involved within the identified model is low; It is expected

that the reliability and accuracy of this low order model would be high and that it

will require less computational time for the simulation.

• There is no need to know the thermal properties of the system (thermal conductivity,

density, specific heat, heat exchange coefficients, thermal resistances at the interfaces,

parameters related to thermal radiation. . . ).

• It is not required to know the sensors location inside the system.

• Calibration of the sensors is not required (only the inputs have to be measured with

their SI units, for example the heat flux in W).

• The system identification mathematical procedure is computationally fast.

On the other hand the main drawbacks of this approach are:

• A specific experiment has to be implemented where the heat flux or the source can be

controlled and measured accurately.

• In principle, the identified model is only valid for the time duration of the system

identification process.

In recent years, our efforts have focused on the structure of the identified model. For

the sake of clarity let us consider the case of a simple mono-variable system: the input q (t)

corresponding to the boundary condition and the output y (t) corresponding to the signal

proportional to the temperature at a sensor. The classical model structures proposed in

the literature are based on a relationship of the successive derivatives of the input and the

output with respect to time in the form of a linear relationship as:

1X

k=0

ak D
k {y (t)} =

1X

k=0

bk D
k{q (t)}+ " (t) , a0 = 1 (1)

Where Dk {f (t)} = dk
f (t) /dtk denotes the k

th time derivative of the function and " (t)

is related to the noise measurement. Using finite difference discretization for the derivatives,

the relation (1) is equivalent to the family of exogenous auto-regressive structures (AR,

ARMA, ARMAX, OE, etc.) as:
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Using finite difference discre%za%on for the deriva%ves, the rela%on is equivalent to 
the family of exogenous auto-regressive structures (AR, ARMA, ARMAX, OE, etc.) 

Figure 1. illustration of the solution of an inverse heat conduction problem (IHCP) based on a

model identified from measurements of the inputs (here a heat flux q1 (t) at a boundary of the

system and a source q2 (t) inside the domain) and the signal measurement at two sensors (y1 (t)

and y2 (t)). During the system identification process, the unknown are the parameters ✓ involved

in the function F that relates the outputs to the inputs. In the IHCP process, the unknown are

the inputs that are estimated from the identified model and the signal measurements at the two

sensors.

1X

k=0

↵k y (t� k) =
1X

k=0

�k q (t� k) + " (t) , a0 = 1 (2)

However, we have shown that this type of mathematical structure is inconsistent with

the analytical solutions obtained in simple 1D cases in particular when the semi-infinite

behavior of the domain prevailed. This then led us to highlight the replacement of the time

derivatives Dk {f (t)} of integer order, k 2 N, of the input and the output by derivatives of

real order and commensurable of 1/2: Dk/2 {f (t)}, k 2 N,[12–15]. In order to simplify the

terminology, we will call non-integer derivative instead of the derivative of non-integer order.
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Heat diffusion in a semi-infinite medium
diffusivity ↵ and thermal conductivity �, subjected to a heat flux q (t) when the sensor is

placed at a distance x from the heated surface. In that case, the exact expression of the

transfer function is [22]:
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Where E = �/
p
↵ is the thermal effusivity. Using the series of the exponential function,

exp (z) =
P1

n=0 z
n
/n!, in relation (32) leads to:
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When x = 0, the transfer function is therefore:

H (0, p) =
1

E
p
p

(34)

Using relation (8) and relation (18), it is thus obtained:

T (0, t) =
1

E
I1/2q =

1

E
p
⇡
p
t
⇤ q (35)

It must be first well understood that an infinite number of integrals of integer order would

have been requested in order to describe this behavior, whereas only one integral of order

1/2 is required. It means that trying to reproduce this behavior using an auto-regressive

model will failed unless considering an infinite number of parameters in this model. Let us

consider an effusivity value E = 7.9373 ⇥ 103 s�1
.m�2

.K�1. We generate a variation of the

heat flux q (t) as a pseudo random sequence (PRS), whose power spectral density is that of

the normal distribution. We simulate the temperature y (t) = T (0, t)+ "N (t) at the sensor

by adding noise " (t) with increasing amplitude and we identified the value of parameter �1

in the following relation:

y = �1 I
1/2

q + " (36)

The identified value for �1 is denoted �1,id, whereas the theoretical value is �1,th = 1/E.

The results of the simulation of the output from the identified parameter are reported in

figure 3. The value of �1,id is reported in Tab. I.
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integral is therefore capable to simulate such contributions since it appeals also on the entire

time history of the function on which the operator is applied. Several illustrations, based

on numerically simulated and real systems, are presented that confirm the reliability of the

proposed approach.

This system identification based on the non integer integral is then applied to solve IHCP

in linear and non linear configurations. The inversion is based on the future time steps

method that is a sequential technique suitable for real-time identification. The inversion

for a non-linear system is based on the interpolation of the impulse responses calculated

from the identified model at different temperature ranges. The use of the non integer model

allows to perform the interpolation with a limited number of temperature range even if the

range is large.

II. LINEAR HEAT DIFFUSION

A. Non integer system identification

In order to simplify the following mathematical demonstration, we consider a simple

mono-variable configuration with a heat flux q (t) applied at the surface of a domain and

where only one temperature sensor y (t) is located in the domain. If the measurement

noise e (t) is distributed following a normal probability, it is thus expected that: y (t) =

T (x, t)+e (t), where T (x, t) is the theoretical temperature at point x of the sensor location.

The transfer function H (x, p) that relates the Laplace transform Q (p) = L (q (t)) of the

heat flux to the Laplace transform ✓ (x, p) = L (T (x, t)) of the temperature at the sensor

is such as:

✓ (x, p) = H (x, p) Q (p) (6)

Where p denotes the Laplace variable. As we will see in the next section, analytical

solutions in most of the simple 1D heat diffusion configurations come to express the transfer

function as:

H (x, p) =

P1
n=0 an

p
p
n

P1
n=0 bn

p
p
n =)

1X

n=0

bn
p
p
n
✓ (x, p) =

1X

n=0

an
p
p
n
Q (p) (7)

The Laplace transform of the ⌫
th order derivative , ⌫ 2 N, of a function f (t) is:
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At x = 0

diffusivity ↵ and thermal conductivity �, subjected to a heat flux q (t) when the sensor is

placed at a distance x from the heated surface. In that case, the exact expression of the

transfer function is [22]:

H (x, p) =
e
� xp

↵

p
p

�

p
p/↵

=
e
� xp

↵

p
p

E
p
p

(32)

Where E = �/
p
↵ is the thermal effusivity. Using the series of the exponential function,

exp (z) =
P1

n=0 z
n
/n!, in relation (32) leads to:

H (x, p) =
1X

n=0

⇣
� xp

↵

p
p

⌘n

n!E
p
p

=
1

E
p
p

 
1 +

M!1X

n=1

�x
n

↵n/2 n!
p
n/2

!
(33)

When x = 0, the transfer function is therefore:

H (0, p) =
1

E
p
p

(34)

Using relation (8) and relation (18), it is thus obtained:

T (0, t) =
1

E
I1/2q =

1

E
p
⇡
p
t
⇤ q (35)

It must be first well understood that an infinite number of integrals of integer order would

have been requested in order to describe this behavior, whereas only one integral of order

1/2 is required. It means that trying to reproduce this behavior using an auto-regressive

model will failed unless considering an infinite number of parameters in this model. Let us

consider an effusivity value E = 7.9373 ⇥ 103 s�1
.m�2

.K�1. We generate a variation of the

heat flux q (t) as a pseudo random sequence (PRS), whose power spectral density is that of

the normal distribution. We simulate the temperature y (t) = T (0, t)+ "N (t) at the sensor

by adding noise " (t) with increasing amplitude and we identified the value of parameter �1

in the following relation:

y = �1 I
1/2

q + " (36)

The identified value for �1 is denoted �1,id, whereas the theoretical value is �1,th = 1/E.

The results of the simulation of the output from the identified parameter are reported in

figure 3. The value of �1,id is reported in Tab. I.

13

diffusivity ↵ and thermal conductivity �, subjected to a heat flux q (t) when the sensor is

placed at a distance x from the heated surface. In that case, the exact expression of the

transfer function is [22]:

H (x, p) =
e
� xp

↵

p
p

�

p
p/↵

=
e
� xp

↵

p
p

E
p
p

(32)

Where E = �/
p
↵ is the thermal effusivity. Using the series of the exponential function,

exp (z) =
P1

n=0 z
n
/n!, in relation (32) leads to:

H (x, p) =
1X

n=0

⇣
� xp

↵

p
p

⌘n

n!E
p
p

=
1

E
p
p

 
1 +

M!1X

n=1

�x
n

↵n/2 n!
p
n/2

!
(33)

When x = 0, the transfer function is therefore:

H (0, p) =
1

E
p
p

(34)

Using relation (8) and relation (18), it is thus obtained:

T (0, t) =
1

E
I1/2q =

1

E
p
⇡
p
t
⇤ q (35)

It must be first well understood that an infinite number of integrals of integer order would

have been requested in order to describe this behavior, whereas only one integral of order

1/2 is required. It means that trying to reproduce this behavior using an auto-regressive

model will failed unless considering an infinite number of parameters in this model. Let us

consider an effusivity value E = 7.9373 ⇥ 103 s�1
.m�2

.K�1. We generate a variation of the

heat flux q (t) as a pseudo random sequence (PRS), whose power spectral density is that of

the normal distribution. We simulate the temperature y (t) = T (0, t)+ "N (t) at the sensor

by adding noise " (t) with increasing amplitude and we identified the value of parameter �1

in the following relation:

y = �1 I
1/2

q + " (36)

The identified value for �1 is denoted �1,id, whereas the theoretical value is �1,th = 1/E.

The results of the simulation of the output from the identified parameter are reported in

figure 3. The value of �1,id is reported in Tab. I.

13

Let us recall that the solution is:



The non integer deriva+ve

L

✓
dv
f(t)

dtv

◆
= s

v
F (s)�

n�1X

k=0

s
n�k�1d

v
f(0)

dtv
(8)

However, Liouville demonstrated [23] that this definition remains exact when ⌫ is a real

and even more generally a complex number (we have to mention that J. Fourier predicted the

existence of such an operator in [24]). Therefore, it is thus clear that one has the following

equality:

L �1 (
p
pF (p)) = D1/2{f(t)} (9)

Where L �1 () denotes the inverse Laplace transform. And more generally one has:

L �1 (
p
p
n
F (p)) = Dn/2{f(t)}, n 2 N (10)

A direct application of (10) to relation (7) leads to:

1X

n=0

anD
n/2 {T (x, t)} =

1X

n=0

bnD
n/2{q (t)}, a0 = 1 (11)

In practice, the parameters an and bn of the relation (11) are identified from measurements

of the heat flux q (t) and the measured temperature y (t) = T (x, t)+e (t) . Using this relation

in (11) leads to:

1X

n=0

an D
n/2 {y (t)} =

1X

n=0

bn D
n/2{q (t)}+ " (t) , a0 = 1 (12)

Where: " (t) =
P1

n=0 anD
n/2 {e (t)} is called the prediction error. It is expected that the

series in the relation (12) will be bounded by L and M respectively as:

LX

n=0

an D
n/2 {y (t)} =

MX

n=0

bn D
n/2{q (t)}+ b (t) , a0 = 1 (13)

The practical calculation of the non integer derivative D⌫ {f (t0)} of the function f (t) at

time t = t0 is based on the relation proposed by Grünwald [25]:

D
⌫
f (t0) ⇠

1

h⌫

n�1X

k=0

(�1)k
✓
⌫

k

◆
f (t0 � kh) , ⌫ > 0 (14)

Where h denotes the sampling time interval and with the binomial:
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Liouville demonstrated that this defini%on remains exact when ν is a real and even
more generally a complex number 

Let us recall that the ⌫
th non-integer derivative Dv{f(t)} = dv

f(t)/dtv of the function f (t)

is defined as [16–18]:

Dv{f(t)} = Dn
�
In�v{f(t)}

 
, n 2 N,Re(v) > 0, n� 1  Re(v) < n (3)

Where the ⌫
th non-integer integral is defined in the Liouville sense as:

Iv{f(t)} =
1

�(v)

Z t

0

(t� u)v�1
f(u)du,Re (v) > 0 (4)

With �() is the Gamma function:

�(v) =

Z 1

0

u
v�1 exp(�u) du (5)

As showed by relation (4), the main important feature of either the non-integer derivative

or integral of a function is that it is based on the value of the function from the initial time

up to time t. As we recall it in the next section, the non integer derivative is inherent to

all diffusion process (Fick’s law, Fourier’s law, Ohm’s law) when the system behaves as a

semi-infinite medium. At the time the finite dimension of the domain occurs within the

expression of the temperature, the order of the derivatives become of integer value.

We nevertheless observed that the calculation of these derivatives, whether of integer or

real order, is very sensitive to the value of the measurement sampling time step but also to

the measurement noise [19]. Indeed, the derivation is an amplifier of small disturbances and

its calculation becomes even more delicate as the order of derivation increases. This led to

pre-filter the noised data and to implement specific system identification algorithm as the

instrumental variables technique [20]. In this article, we propose an approach based on the

non-integer order integral operator instead of the the derivative one. We will first show that

this mathematical structure is insensitive to the amplitude of the noise and that it is also

less dependent of the sampling time step of the measurements. This will be demonstrated

on signals generated from exact analytical solutions. We will show that this structure is

particularly well adapted to the phenomenon of diffusion which, let us recall, is similar to

a low-pass filter. We propose to extend this use of the non integer integral operator to

identify non-linear systems. We justify this approach from the decomposition of the output

of such system based on the Volterra series [21]. We show that the non-linear terms of

this decomposition involve all the time history of the input and the output. The non-integer
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Convolu.on product of f(t) with tn-1 (infinite memory)



New expression of the solu+on using the non-
integer model structure
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When x = 0, the transfer function is therefore:

H (0, p) =
1

E
p
p

(34)

Using relation (8) and relation (18), it is thus obtained:

T (0, t) =
1

E
I1/2q =

1

E
p
⇡
p
t
⇤ q (35)

It must be first well understood that an infinite number of integrals of integer order would

have been requested in order to describe this behavior, whereas only one integral of order

1/2 is required. It means that trying to reproduce this behavior using an auto-regressive

model will failed unless considering an infinite number of parameters in this model. Let us

consider an effusivity value E = 7.9373 ⇥ 103 s�1
.m�2

.K�1. We generate a variation of the

heat flux q (t) as a pseudo random sequence (PRS), whose power spectral density is that of

the normal distribution. We simulate the temperature y (t) = T (0, t)+ "N (t) at the sensor

by adding noise " (t) with increasing amplitude and we identified the value of parameter �1

in the following relation:

y = �1 I
1/2

q + " (36)

The identified value for �1 is denoted �1,id, whereas the theoretical value is �1,th = 1/E.

The results of the simulation of the output from the identified parameter are reported in

figure 3. The value of �1,id is reported in Tab. I.
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However, Liouville demonstrated [23] that this definition remains exact when ⌫ is a real

and even more generally a complex number (we have to mention that J. Fourier predicted the

existence of such an operator in [24]). Therefore, it is thus clear that one has the following

equality:

L �1 (
p
pF (p)) = D1/2{f(t)} orL �1
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= I1/2{f(t)} (9)

Where L �1 () denotes the inverse Laplace transform. And more generally one has:
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p
p
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F (p)) = Dn/2{f(t)}, n 2 N (10)

A direct application of (10) to relation (7) leads to:
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n=0

anD
n/2 {T (x, t)} =

1X

n=0

bnD
n/2{q (t)}, a0 = 1 (11)

In practice, the parameters an and bn of the relation (11) are identified from measurements

of the heat flux q (t) and the measured temperature y (t) = T (x, t)+e (t) . Using this relation

in (11) leads to:

1X

n=0

an D
n/2 {y (t)} =

1X

n=0

bn D
n/2{q (t)}+ " (t) , a0 = 1 (12)

Where: " (t) =
P1

n=0 anD
n/2 {e (t)} is called the prediction error. It is expected that the

series in the relation (12) will be bounded by L and M respectively as:

LX

n=0

an D
n/2 {y (t)} =

MX

n=0

bn D
n/2{q (t)}+ b (t) , a0 = 1 (13)

The practical calculation of the non integer derivative D⌫ {f (t0)} of the function f (t) at

time t = t0 is based on the relation proposed by Grünwald [25]:

D
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n�1X

k=0

(�1)k
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Where h denotes the sampling time interval and with the binomial:
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Op%mal model structure for this configura%on:
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If one wants to use the integer 
structure, an infinite number of terms 

must be considered



How to calculate the non integer integral ?
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It must be pointed out that the Marchaud and Riesz appoximations can be also used

to calculate the non-integer derivative [25]. However, and whatever the method used, the

calculation accuracy of the non-integer derivative from equation (14) rests on the value of

the sampling time interval h. On the other hand, the derivative will amplify strongly the

noise measurement. Therefore, we propose to use the non-integer integral instead of the

derivative in relation (13) as:
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It comes to consider that the transfer function (7), assuming the two series are bounded

by the same value L, should be written as:
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With respect to relation (7), this means that ↵n = aL�n and �n = bL�n. The main

advantage of the model structure (16) is that, as defined by relation (4), the calculation

of the non integer integral from relation (4) can be explicitly performed as the convolution

product of t⇣�1
/� (⇣) with f (t) as:
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In practice this convolution can be achieved efficiently using the fast Fourier transform

(FFT) as:
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As an illustration, let us use the Grünwald approximation (14) and the previous technique

(18) to calculate respectively the ⇣-order derivative and integral of the Heaviside function

U (t), whose exact solutions are:

D⇣ {U (t)} =
t
�⇣

� (1� ⇣)
, and I⇣ {U (t)} =

t
⇣

� (1 + ⇣)
(20)
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Let us recall that the ⌫
th non-integer derivative Dv{f(t)} = dv

f(t)/dtv of the function f (t)

is defined as [16–18]:

Dv{f(t)} = Dn
�
In�v{f(t)}

 
, n 2 N,Re(v) > 0, n� 1  Re(v) < n (3)

Where the ⌫
th non-integer integral is defined in the Liouville sense as:

Iv{f(t)} =
1

�(v)

Z t

0

(t� u)v�1
f(u)du,Re (v) > 0 (4)

With �() is the Gamma function:

�(v) =

Z 1

0

u
v�1 exp(�u) du (5)

As showed by relation (4), the main important feature of either the non-integer derivative

or integral of a function is that it is based on the value of the function from the initial time

up to time t. As we recall it in the next section, the non integer derivative is inherent to

all diffusion process (Fick’s law, Fourier’s law, Ohm’s law) when the system behaves as a

semi-infinite medium. At the time the finite dimension of the domain occurs within the

expression of the temperature, the order of the derivatives become of integer value.

We nevertheless observed that the calculation of these derivatives, whether of integer or

real order, is very sensitive to the value of the measurement sampling time step but also to

the measurement noise [19]. Indeed, the derivation is an amplifier of small disturbances and

its calculation becomes even more delicate as the order of derivation increases. This led to

pre-filter the noised data and to implement specific system identification algorithm as the

instrumental variables technique [20]. In this article, we propose an approach based on the

non-integer order integral operator instead of the the derivative one. We will first show that

this mathematical structure is insensitive to the amplitude of the noise and that it is also

less dependent of the sampling time step of the measurements. This will be demonstrated

on signals generated from exact analytical solutions. We will show that this structure is

particularly well adapted to the phenomenon of diffusion which, let us recall, is similar to

a low-pass filter. We propose to extend this use of the non integer integral operator to

identify non-linear systems. We justify this approach from the decomposition of the output

of such system based on the Volterra series [21]. We show that the non-linear terms of

this decomposition involve all the time history of the input and the output. The non-integer

6

Several discre%za%on schemes (Grünwald for instance)
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Figure 3. calculation of the response at the sensor T (0, t) from relation (35) based on the sequence

q (t) (green line). Noise is added on this calculated temperature as: y (t) = T (0, t) + "N (t) (red

dots). The simulation of the response at the sensor (blue line) from the identified value of parameter

�1,id in relation (36), with (a) " = 0, (b) " = 5% and (c) " = 10%.

Noise amp. �1,id (LS, RLS) �1,th = 1/E

" = 0 1.26⇥ 10�4 ± 1.82⇥ 10�14 1.26⇥ 10�4

" = 5% 1.26⇥ 10�4 ± 1.0⇥ 10�7 1.26⇥ 10�4

" = 10% 1.26⇥ 10�4 ± 2⇥ 10�7 1.26⇥ 10�4

Table I. identified parameter �1 in model (36) according to the noise amplitude of the simulated

temperature at the sensor located at the heated surface of a semi-infinite medium. The identified

value for �1 is denoted �1,id, whereas the theoretical value is �1,th = 1/E.

The LS and RLS methods lead to exactly the same results. As presented on the figures,

the residuals are unbiased and the accuracy of the identified parameter is only very slightly

sensitive to the noise amplitude. Let us consider now that the temperature sensor is located

at distance x = 1mm from the heated surface. Considering M = 2 in the relation (33) leads

to:

H (x, p) =
1
p
p

�
b0 + b1 p

1/2 + b2 p
�
, b0 =

1

E
, b1 = � xp

↵E
, b2 =

x
2

2↵E
(37)

The asymptotic behavior of the function at the long times is b0/
p
p that is obviously

consistent with the semi-infinite behavior whereas the behavior at the small times must allow

to reproduce the delay related to the heat diffusion from the heated surface to the sensor
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�1,id in relation (36), with (a) " = 0, (b) " = 5% and (c) " = 10%.
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What happens if the sensor is located at x >0

diffusivity ↵ and thermal conductivity �, subjected to a heat flux q (t) when the sensor is

placed at a distance x from the heated surface. In that case, the exact expression of the

transfer function is [22]:

H (x, p) =
e
� xp

↵

p
p

�

p
p/↵

=
e
� xp

↵

p
p

E
p
p

(32)

Where E = �/
p
↵ is the thermal effusivity. Using the series of the exponential function,

exp (z) =
P1

n=0 z
n
/n!, in relation (32) leads to:
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1X
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When x = 0, the transfer function is therefore:

H (0, p) =
1

E
p
p

(34)

Using relation (8) and relation (18), it is thus obtained:

T (0, t) =
1

E
I1/2q =

1

E
p
⇡
p
t
⇤ q (35)

It must be first well understood that an infinite number of integrals of integer order would

have been requested in order to describe this behavior, whereas only one integral of order

1/2 is required. It means that trying to reproduce this behavior using an auto-regressive

model will failed unless considering an infinite number of parameters in this model. Let us

consider an effusivity value E = 7.9373 ⇥ 103 s�1
.m�2

.K�1. We generate a variation of the

heat flux q (t) as a pseudo random sequence (PRS), whose power spectral density is that of

the normal distribution. We simulate the temperature y (t) = T (0, t)+ "N (t) at the sensor

by adding noise " (t) with increasing amplitude and we identified the value of parameter �1

in the following relation:

y = �1 I
1/2

q + " (36)

The identified value for �1 is denoted �1,id, whereas the theoretical value is �1,th = 1/E.

The results of the simulation of the output from the identified parameter are reported in

figure 3. The value of �1,id is reported in Tab. I.
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q (t) (green line). Noise is added on this calculated temperature as: y (t) = T (0, t) + "N (t) (red
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�1,id in relation (36), with (a) " = 0, (b) " = 5% and (c) " = 10%.
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The LS and RLS methods lead to exactly the same results. As presented on the figures,
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Noise amp. �0 �1 �2

theoretical values 1.261⇥ 10�4 �6.67⇥ 10�5 1.76⇥ 10�5

id. values, " = 0 1.255⇥ 10�4 ± 1.67⇥ 10�5 �9.523⇥ 10�5 ± 1.27⇥ 10�4 1.3⇥ 10�5 ± 1.67⇥ 10�4

id. values, " = 10% 1.265⇥ 10�4 ± 1.65⇥ 10�5 �10.37⇥ 10�5 ± 1.27⇥ 10�4 1.7⇥ 10�5 ± 1.66⇥ 10�4

Table II. identified values of parameters (�1, �2, �3) in model (36) according to the noise amplitude

of the simulated temperature at the sensor located at x = 1mm from the heated surface of a semi-

infinite medium.

location. In other words, increasing x will lead to consider a larger number of parameters

in the model. The transfer function (33) is written in an equivalent form that involves the

integration operator only as:

H (x, p) =
b0 p

�1 + b1 p
�1/2 + b2

p�1/2
(38)

Using the exact model (32) and the de Hoog algorithm [27, 28] to calculate the inverse

Laplace transform, we simulate the temperature y (t) = T (x, t) + "N (t) at the sensor by

adding normally distributed noise "N (t) with amplitude ". The identified model structure

is consistent with (38) as:

I1/2y = �0 Iq + �1 I
1/2

q + �2 q + I1/2" (39)

The values for the identified parameters (�0, �1, �2) are reported in Tab. I according to

the level of noise ". The simulation of the response at the sensor from the identified param-

eters in relation (39) are reported in figure 4. The residuals are slightly biased whatever

the noise amplitude in the form of a small increase of the mean of the residuals over time.

This bias is not related to the model structure since it was observed already in a previous

configuration using the exact model in the simulation of figure 3. This bias is related to the

calculation of the integrals using the convolution product from relation (19) and it can be

minimized by choosing a smaller sampling time step.

If the sensor is located deeper inside the medium et x = 3mm, the number of parameters

required in relation (13) to fit the simulated temperature at the sensor must be larger in order

to reproduce the delay in an accurate manner. We found that 7 parameters are required in

the model such as:
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Why using the NI integral instead of the NI 
deriva+ve ?

Figure 2. calculation of D⇣ {U" (t)} and I⇣ {U" (t)} for ⇣ = (1/2, 1, 3/2) and U" (t) = U (t)+ "N (t),

where U (t) is the Heaviside function and with (a) " = 0 and (b) " = 0.01.

We reported on the figure 2 the calculation of D⇣ {U" (t)} and I⇣ {U" (t)} for ⇣ =

(1/2, 1, 3/2) and U" (t) = U (t) + "N (t), where "N (t) is a normal noise with amplitude ".

The time interval used for those calculations is h = 0.01 seconds in order to limit the dis-

crepancy between the theoretical values from relations (20 ) and the numerical calculations

of both the derivatives and the integrals. As expected, the derivative amplifies strongly

the noise even at very low amplitude (only 1% of noise for the calculations presented on

the figure). This is even more amplified as the order ⇣ increases. On the other hand,

the integral is clearly insensitive to the noise amplitude. As a practical consequence, the

integral calculation of noisy data does not require to pre-filter the data as it is the case for

the derivative.

In the following we will use the simplified notations: I⇣ {y (t)} = I⇣y and I⇣ {q (t)} = I⇣q.

The identification of parameters ↵n and �n of the relation (16) can be achieved using different

strategies. It starts by defining the vector ⇥ =
h
↵1 ↵2 · · · ↵L �0 �1 · · · �M

i
of unknown.

Then the relation (16) can be expressed as:
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Illustra+on
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Figure 4. calculation of the response at the sensor T (0, t) from relation (35) based on the sequence

q (t) (green line). Noise is added on this calculated temperature as: y (t) = T (0, t) + "N (t)

(red dots). The simulation of the response at the sensor (blue line) from the identified value of

parameters (�1, �2, �3) in relation (39), with (a) " = 0 and (b) " = 10% .

I0.5y = �0 q + �1 I
0.5
q + �2 I

1
q + �3 I

1.5
q + �4 I

2
q + �5 I

2.5
q + �6 I

3
q + �7 I

3.5
q + I0.5" (40)

The fit between the noisy temperature at the sensor and the simulated one from relation

(40) with the identified values of the (�0, · · · , �7) parameters is reported in figure 5(a).

However, other model structures can be found that fulfill the asymptotic behavior at the

long times and that allows to simulate the delay at the small times as the following one:

I0.5y + ↵1 I
1.5
y = �0 Iq + �1 I

2
q + �2 I

3
q + �3 I

4
q + I0.5" (41)

The fit between the noisy temperature at the sensor and the simulated one from relation

(41) with the identified values of the (↵1, �0, · · · , �3) parameters is reported in figure 5(b).

As a conclusion of this first part of simulations, the model based on the non-integer

integrals of both the input and the output is less sensitive to noise measurement that the

one based on the non-integer derivatives. This allows to perform the model identification

without the need of pre-filtering the data neither than implementing an instrumental variable

least square algorithm as presented in [10, 20].
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Noise amp. �0 �1 �2

theoretical values 1.261⇥ 10�4 �6.67⇥ 10�5 1.76⇥ 10�5
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Table II. identified values of parameters (�1, �2, �3) in model (36) according to the noise amplitude

of the simulated temperature at the sensor located at x = 1mm from the heated surface of a semi-

infinite medium.

location. In other words, increasing x will lead to consider a larger number of parameters

in the model. The transfer function (33) is written in an equivalent form that involves the

integration operator only as:

H (x, p) =
b0 p

�1 + b1 p
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(38)

Using the exact model (32) and the de Hoog algorithm [27, 28] to calculate the inverse

Laplace transform, we simulate the temperature y (t) = T (x, t) + "N (t) at the sensor by

adding normally distributed noise "N (t) with amplitude ". The identified model structure

is consistent with (38) as:

I1/2y = �0 Iq + �1 I
1/2

q + �2 q + I1/2" (39)

The values for the identified parameters (�0, �1, �2) are reported in Tab. I according to

the level of noise ". The simulation of the response at the sensor from the identified param-

eters in relation (39) are reported in figure 4. The residuals are slightly biased whatever

the noise amplitude in the form of a small increase of the mean of the residuals over time.

This bias is not related to the model structure since it was observed already in a previous

configuration using the exact model in the simulation of figure 3. This bias is related to the

calculation of the integrals using the convolution product from relation (19) and it can be

minimized by choosing a smaller sampling time step.

If the sensor is located deeper inside the medium et x = 3mm, the number of parameters

required in relation (13) to fit the simulated temperature at the sensor must be larger in order

to reproduce the delay in an accurate manner. We found that 7 parameters are required in

the model such as:
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(a) (b) (c)

Figure 3. calculation of the response at the sensor T (0, t) from relation (35) based on the sequence

q (t) (green line). Noise is added on this calculated temperature as: y (t) = T (0, t) + "N (t) (red

dots). The simulation of the response at the sensor (blue line) from the identified value of parameter

�1,id in relation (36), with (a) " = 0, (b) " = 5% and (c) " = 10%.

Noise amp. �1,id (LS, RLS) �1,th = 1/E

" = 0 1.26⇥ 10�4 ± 1.82⇥ 10�14 1.26⇥ 10�4

" = 5% 1.26⇥ 10�4 ± 1.0⇥ 10�7 1.26⇥ 10�4

" = 10% 1.26⇥ 10�4 ± 2⇥ 10�7 1.26⇥ 10�4

Table I. identified parameter �1 in model (36) according to the noise amplitude of the simulated

temperature at the sensor located at the heated surface of a semi-infinite medium. The identified

value for �1 is denoted �1,id, whereas the theoretical value is �1,th = 1/E.

The LS and RLS methods lead to exactly the same results. As presented on the figures,

the residuals are unbiased and the accuracy of the identified parameter is only very slightly

sensitive to the noise amplitude. Let us consider now that the temperature sensor is located

at distance x = 1mm from the heated surface. Considering M = 2 in the relation (33) leads

to:

H (x, p) =
1
p
p

�
b0 + b1 p

1/2 + b2 p
�
, b0 =

1

E
, b1 = � xp

↵E
, b2 =

x
2

2↵E
(37)

The asymptotic behavior of the function at the long times is b0/
p
p that is obviously

consistent with the semi-infinite behavior whereas the behavior at the small times must allow

to reproduce the delay related to the heat diffusion from the heated surface to the sensor

14
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Loss of the semi-infinite behaviour

x

T(x,t)

q(t)

insula.on
(a) (b)

Figure 6. simulation of the response at the sensor located at x = 3mm from the heated surface

of the wall from the identified value of parameters (↵1, �0, �1, �2) in relation (43), with (a) " = 0

(↵1 = 1.77 ± 0.017, �0 = 8.23 ⇥ 10�5 ± 4.63 ⇥ 10�7, �1 = �1.11 ⇥ 10�5 ± 1.23 ⇥ 10�7, �2 =

1.72 ⇥ 10�6 ± 3.69 ⇥ 10�8) and (b) " = 10% (↵1 = 1.77 ± 0.094, �0 = 8.18 ⇥ 10�5 ± 2.43 ⇥ 10�6,

�1 = �1.06⇥ 10�5 ± 6.58⇥ 10�7, �2 = 1.62⇥ 10�6 ± 1.95⇥ 10�7).

expected a behavior proportional to 1/p at the long times since the rear face is insulated.

In the present case, we considered x = 3mm. As expected, we found that the structure of

the optimal model involves only integrals of integer orders for both the temperature at the

sensor and the heat flux since the semi-infinite behavior is no longer present either at the

small or long times. It is thus found the following model structure:

y + ↵1 Iy = �0 I
2
q + �1 I

3
q + �2 I

4
q (43)

The simulation of the output from relation (43) with the identified values of (↵1, �0, �1, �2)

is reported in figure 6. The residuals are slightly biased at the long time for a large ampli-

tude of the noise. However, the identified parameters value (reported in the figure caption)

does not change significantly between the two configurations.

As a conclusion of the second part of simulations, it is clear that the model structure

based on the non-integer integral allows to fit noisy data whatever the amplitude of the

noise. It has been shown also that the model must satisfy the physical asymptotic behavior.

It means that the non-integer order is no longer required when the semi-infinite behavior of

the system is not involved anymore within the diffusion process. A second important point
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Figure 6. simulation of the response at the sensor located at x = 3mm from the heated surface

of the wall from the identified value of parameters (↵1, �0, �1, �2) in relation (43), with (a) " = 0

(↵1 = 1.77 ± 0.017, �0 = 8.23 ⇥ 10�5 ± 4.63 ⇥ 10�7, �1 = �1.11 ⇥ 10�5 ± 1.23 ⇥ 10�7, �2 =

1.72 ⇥ 10�6 ± 3.69 ⇥ 10�8) and (b) " = 10% (↵1 = 1.77 ± 0.094, �0 = 8.18 ⇥ 10�5 ± 2.43 ⇥ 10�6,

�1 = �1.06⇥ 10�5 ± 6.58⇥ 10�7, �2 = 1.62⇥ 10�6 ± 1.95⇥ 10�7).

expected a behavior proportional to 1/p at the long times since the rear face is insulated.

In the present case, we considered x = 3mm. As expected, we found that the structure of

the optimal model involves only integrals of integer orders for both the temperature at the

sensor and the heat flux since the semi-infinite behavior is no longer present either at the

small or long times. It is thus found the following model structure:
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The simulation of the output from relation (43) with the identified values of (↵1, �0, �1, �2)

is reported in figure 6. The residuals are slightly biased at the long time for a large ampli-

tude of the noise. However, the identified parameters value (reported in the figure caption)

does not change significantly between the two configurations.

As a conclusion of the second part of simulations, it is clear that the model structure

based on the non-integer integral allows to fit noisy data whatever the amplitude of the

noise. It has been shown also that the model must satisfy the physical asymptotic behavior.

It means that the non-integer order is no longer required when the semi-infinite behavior of

the system is not involved anymore within the diffusion process. A second important point
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The best op.mal structure is:

Can be derived from the exact solu.on of the tranfer func.on: 

(a) (b)

Figure 5. simulation of the response at the sensor located at x = 3mm from the heated surface of

the semi-infinite medium from: (a) the identified value of parameters (�0, · · · ,�7) in relation (40)

and (b) the identified values of the (↵1,�0, · · · ,�3) parameters in relation (41), with " = 10% .

2. Finite system

We propose now to implement the method by considering a wall of finite thickness e =

1 cm, assuming a uniform heat flux at the front face and that the rear face is perfectly

insulated. The wall is constituted from an isotropic material with thermal diffusivity ↵ and

thermal conductivity �. In that case, the transfer function that relates the temperature at

the sensor located at depth x from the heated surface to the heat flux is [22]:

H (x, p) =
cosh

⇣p
p/↵ (e� x)

⌘

�

p
p/↵ sinh

⇣p
p/↵ e

⌘ (42)

Replacing the hyperbolic functions with their expressions involving the exponential function

and using the series of the exponential function lead to express the relation (42) in the

form of the relation (7). When the sensor is located at the surface of the wall (x = 0),

the expressions of an and bn are quite simple (a0 = a1 = 0, an = � e
n�1

/
�
↵
(n�1)/2

n!
�

and

bn = e
n�1

/
�
↵
(n�2)/2

n!
�
). Otherwise, for x > 0, those algebraic expressions, although they

can be derived analytically, are much more complicated. As for the previous configuration

a low number of parameters are required in the model to accurately reproduce the delay

at the small times whose value is related to the location x. On the other hand, it is also
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Real applica+on

Figure 7. schematic exploded representation of the composite wall constituted from a carbon-carbon

thin plate glued on an aluminum plate with a high-temperature conductive glue. A thermocouple

is embeded at the surface of the carbon plate and a second one is buried at the interface between

the carbon and aluminium plates.

simulated signals is less that 2% in the two cases. It must be emphasized that this difference

is very low compared to the one that would be obtained with the simulation of a model based

on the heat diffusion equation within the sample since many thermophysical properties are

unknown. We repeated the same procedure for the sensor 2 and the identified model is

reported in Tab. III. The comparison between the measured data at the sensor and the

simulated ones from the identified model is viewed in figure 9 for both the identification and

validation stages. The noise measurement is higher that for the sensor at the surface due

to the arrangement of this second sensor with the aluminum plate. As expected, the model

relating the temperature at this second thermocouple to the heat flux involves only integrals

with integer order due to the location of the sensor far from the heated surface and to the

boundary condition (prescribed temperature) on the rear face of the system. The delay is

modeled by considering high order values of the heat flux integrals. Again, the difference

between measured and simulated data is low, about 5%, that is a very satisfactory result

regarding the uncertainty on the system thermal parameters and the noise amplitude.
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(a) (b)

Figure 8. measured heat flux and dimensionless temperature at sensor 1. First set of data (a) is

used for the model identification. Second set of data (b) is used for model validation using the

identified parameters.

(a) (b)

Figure 9. measured heat flux and dimensionless temperature at sensor 2. First set of data (a) is

used for the model identification. Second set of data (b) is used for model validation using the

identified parameters.
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(a) (b)

Figure 8. measured heat flux and dimensionless temperature at sensor 1. First set of data (a) is

used for the model identification. Second set of data (b) is used for model validation using the

identified parameters.

(a) (b)

Figure 9. measured heat flux and dimensionless temperature at sensor 2. First set of data (a) is

used for the model identification. Second set of data (b) is used for model validation using the

identified parameters.
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Iden+fied models

y1 = �1 I0.5q + �2 I1q + �3 I1.5q + �4 I2q + �5 I2.5q + �6 I3q + �7 I3.5q + " (t)

parameter �0 �1 �2 �3 �4 �5

value -0.9 3.04 -1.92 0.61 -0.1 0.007

std 0.004 0.006 0.005 0.002 0.0004 3.5⇥ 10�5

y1 + ↵1 I1y + ↵1 I2y = �1 I2q + �2 I3q + �3 I4q + �4 I5q + �5 I6q + " (t)

parameter ↵1 ↵2 �1 �2 �3 �4 �5

value 1.31 0.45 0.13 0.007 3.2⇥ 10�5 �8.5⇥ 10�6 2.67⇥ 10�7

std 0.021 0.004 0.0017 0.0003 2.55⇥ 10�5 1.84⇥ 10�6 6.27⇥ 10�8

Table III. identified parameters for the two models relating sensor 1 and sensor 2 to the heat flux

respectively.

III. NON-LINEAR HEAT DIFFUSION

A. The use of the Volterra series

Non-linear heat diffusion is due to significant variations of the thermal properties or the

heat exchange coefficients at boundaries for instance. Two typical configurations can be

met. The first one is when the system evolves around a high temperature stationary point.

In that case, when the temperature change around the working temperature is low, the

problem remains a linear one. In the second case the system evolves from a low to a high

temperature, or inversely. This problem is non-linear since the thermophysical properties

change drastically according to the temperature from the initial state to the final one. This

is the configuration we consider here. As we have showed in [21], the main idea of the

Volterra series expansion [31, 32] is to express T (t) by weighted past values of q (t) when t

starts at the initial time as:

T (t) =
1X

j=1

Tj (t) = T1 (t) + T2 (t) + · · ·+ Tj (t) + · · · (44)

with:

Tj (t) =

Z 1

0

· · ·
Z 1

0

hj (⌧1, · · · , ⌧j)
jY

i=1

q (t� ⌧i) d⌧i (45)
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The case of non-linear heat diffusion
(a) (b)

Figure 10. (a) thermal conductivity and heat exchange coefficient variations according to the

temperature within the plate; (b) the amplitude of the heat flux q is generated as a PRS with

amplitude 4 ⇥ 105W/m2, the temperature is simulated at the surface using the FEM (y) and the

identified model (TNL) given in relation (49).

(a) (b)

Figure 11. values of parameters ↵i and �i identified within the relation (49) from heat flux q (t) =

q0 PRS (t) and temperature y (t) represented in figure 10(b), according to the initial temperature

Tsample. (a) q0 = 105W/m2, (b)q0 = 4⇥ 105W/m2.
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System iden+fica+on
(a) (b)

Figure 10. (a) thermal conductivity and heat exchange coefficient variations according to the

temperature within the plate; (b) the amplitude of the heat flux q is generated as a PRS with

amplitude 4 ⇥ 105W/m2, the temperature is simulated at the surface using the FEM (y) and the

identified model (TNL) given in relation (49).

(a) (b)

Figure 11. values of parameters ↵i and �i identified within the relation (49) from heat flux q (t) =

q0 PRS (t) and temperature y (t) represented in figure 10(b), according to the initial temperature

Tsample. (a) q0 = 105W/m2, (b)q0 = 4⇥ 105W/m2.
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from 100 up to 5000 W/m2
/K when the temperature varies from 0 up to 100°C. We generated

the pseudo random sequence of the heat flux q (t) = q0 PRS (t), with amplitude q0 and we

used the 1D finite element method to calculate the temperature variation at the heated

surface and we added 5% of noise in order to simulate experimental measurements. Those

simulations are performed considering different initial temperature Tsample values for the

plate, starting from 0°C up to 400°C, by temperature step of 20°C. The results for are

reported in figure 10(b) for Tsample = 0 �C and Tsample = 400 �C and q0 = 4 ⇥ 105 W/m2.

Using the system identification procedure described earlier we found the optimal structure

of the relationship between the temperature at the surface and the heat flux as:

T + ↵1 I
1
q + ↵2 I

1.5
q = �0 I

0.5
q + �1 I

1
q + �2 I

1.5
q (49)

This model structure is well suited whatever the value of Tsample and that of q0. The

identified values for parameters (↵1,↵2, �0, �1, �2) are reported in figure 11 according to the

initial temperature values Tsample of the slab and the value of q0 (q0 = 105 W/m2 in figure

11(a) and q0 = 4⇥ 105 W/m2 in figure 11(b)). The comparison between the measured data

and the simulated ones from the identified parameters in model (49) is represented in the

figure 10(b) for Tsample = 0 �C and Tsample = 400 �C. As remarked on the figure 11, the

identified parameter values evolve continuously according to Tsample. A change in direction

is nevertheless observed with q0 = 4 ⇥ 105 W/m2 at two specific temperature range grayed

on the figure 10(b), i.e., around 100°C and 300°C respectively. However, this variation does

not affect the quality of the simulated response.

Our approach shows that, as expected, a linear model can be identified around each initial

temperature value of the system from low value of q0. However, the model identified from

high value of q0 is more interesting since it allows to reproduce fairly the behavior of the

system that involves non linearities in the transient response. The results presented here

show that the feature of the non-integer integrator of a function to involve the whole history

of the function in its calculation, relation (4), is perfectly suited to the decomposition of a

non-linear problem within the meaning of Volterra kernels, relation (46). Therefore, it is

important to note that the identification of the model associated to the non-linear behavior

of the system must be done by requesting all the non-linearities ranges. On the other hand,

the model obtained has no prediction features, that is to say that it is only valid on the time

domain on which it was identified. This limit is true for the linear behavior but it is even
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(a) (b)

Figure 10. (a) thermal conductivity and heat exchange coefficient variations according to the

temperature within the plate; (b) the amplitude of the heat flux q is generated as a PRS with

amplitude 4 ⇥ 105W/m2, the temperature is simulated at the surface using the FEM (y) and the

identified model (TNL) given in relation (49).

(a) (b)

Figure 11. values of parameters ↵i and �i identified within the relation (49) from heat flux q (t) =

q0 PRS (t) and temperature y (t) represented in figure 10(b), according to the initial temperature

Tsample. (a) q0 = 105W/m2, (b)q0 = 4⇥ 105W/m2.
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Jus+fica+on

y1 = �1 I0.5q + �2 I1q + �3 I1.5q + �4 I2q + �5 I2.5q + �6 I3q + �7 I3.5q + " (t)

parameter �0 �1 �2 �3 �4 �5

value -0.9 3.04 -1.92 0.61 -0.1 0.007

std 0.004 0.006 0.005 0.002 0.0004 3.5⇥ 10�5

y1 + ↵1 I1y + ↵1 I2y = �1 I2q + �2 I3q + �3 I4q + �4 I5q + �5 I6q + " (t)

parameter ↵1 ↵2 �1 �2 �3 �4 �5

value 1.31 0.45 0.13 0.007 3.2⇥ 10�5 �8.5⇥ 10�6 2.67⇥ 10�7

std 0.021 0.004 0.0017 0.0003 2.55⇥ 10�5 1.84⇥ 10�6 6.27⇥ 10�8

Table III. identified parameters for the two models relating sensor 1 and sensor 2 to the heat flux

respectively.

III. NON-LINEAR HEAT DIFFUSION

A. The use of the Volterra series

Non-linear heat diffusion is due to significant variations of the thermal properties or the

heat exchange coefficients at boundaries for instance. Two typical configurations can be

met. The first one is when the system evolves around a high temperature stationary point.

In that case, when the temperature change around the working temperature is low, the

problem remains a linear one. In the second case the system evolves from a low to a high

temperature, or inversely. This problem is non-linear since the thermophysical properties

change drastically according to the temperature from the initial state to the final one. This

is the configuration we consider here. As we have showed in [21], the main idea of the

Volterra series expansion [31, 32] is to express T (t) by weighted past values of q (t) when t

starts at the initial time as:

T (t) =
1X

j=1

Tj (t) = T1 (t) + T2 (t) + · · ·+ Tj (t) + · · · (44)

with:

Tj (t) =

Z 1

0

· · ·
Z 1

0

hj (⌧1, · · · , ⌧j)
jY

i=1

q (t� ⌧i) d⌧i (45)
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Volterra series decomposi%on
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Table III. identified parameters for the two models relating sensor 1 and sensor 2 to the heat flux

respectively.

III. NON-LINEAR HEAT DIFFUSION

A. The use of the Volterra series

Non-linear heat diffusion is due to significant variations of the thermal properties or the

heat exchange coefficients at boundaries for instance. Two typical configurations can be

met. The first one is when the system evolves around a high temperature stationary point.

In that case, when the temperature change around the working temperature is low, the

problem remains a linear one. In the second case the system evolves from a low to a high

temperature, or inversely. This problem is non-linear since the thermophysical properties

change drastically according to the temperature from the initial state to the final one. This

is the configuration we consider here. As we have showed in [21], the main idea of the

Volterra series expansion [31, 32] is to express T (t) by weighted past values of q (t) when t

starts at the initial time as:

T (t) =
1X

j=1

Tj (t) = T1 (t) + T2 (t) + · · ·+ Tj (t) + · · · (44)

with:

Tj (t) =

Z 1

0

· · ·
Z 1

0

hj (⌧1, · · · , ⌧j)
jY

i=1

q (t� ⌧i) d⌧i (45)

22jthorder Volterra kernel 

where hj (⌧1, · · · , ⌧j) is called the j
th order Volterra kernel. Considering j = 1 is related only

to the linear contribution and corresponds to the classical impulse response of the linear

system. Although this approach, based on a local approximation, is theoretically efficient

for weak non-linearities, we demonstrated in [21] that it can deals with significant variations

of the thermal parameters involved in the heat diffusion equation. Indeed, we demonstrated

that the linear contribution (n = 1) remains largely dominant behind the nonlinear ones

(n = 2, · · · , 1) in diffusion problems. Therefore, we propose to limit the decomposition

(44) as:

T (t) = T1 (t) + T2 (t) = TL (t) + TNL (t) (46)

=

Z 1

0

h1 (⌧) q (t� ⌧) d⌧ +

Z 1

0

Z 1

0

h2 (⌧1, ⌧2) q (t� ⌧1) q (t� ⌧2) d⌧1 d⌧2 (47)

As we viewed in relation (4), the non-integer order integral of a function depends on the

entire time history of the function, from the initial time up to the current time t. Therefore,

since the second kernel involves different time values within the expression of the convolution

product, we could assume that the previous sum in relation (46) can be merged in the form

of the relation (16). It leads defining an equivalent impulse response hNL such as:

T (t) =

Z 1

0

hNL (⌧) q (t� ⌧) d⌧ (48)

We are fully aware that this approach is destabilizing since, by definition, the convolution

product of the input q (t) by the impulse response of the system is linked to the linearity of

this system. The hNL (t) function should therefore not be seen here as the impulse response

of the system but rather as a more general transfer function involving the non-linearities of

the system. We will illustrate this approach on a test case in the next section.

B. Illustration of the method

Let us consider a 2 mm thick slab heated at the surface and with heat loss at the opposite

face. As showed in figure 11(a), the thermal conductivity of the material is assumed to

vary linearly from 50 W/m/K down to 20 W/m/K when the temperature varies from 0

up to 200 °C respectively. The density and specific heat are assumes constant, ⇢CP =

4.2 ⇥ 106 J/K/m3. The heat exchange coefficient at the opposite face is assumed to vary
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In prac(ce the 
number of 
kernels can be 
limited to 2

We propose to introduce a generalized transfer func0on:

where hj (⌧1, · · · , ⌧j) is called the j
th order Volterra kernel. Considering j = 1 is related only

to the linear contribution and corresponds to the classical impulse response of the linear

system. Although this approach, based on a local approximation, is theoretically efficient

for weak non-linearities, we demonstrated in [21] that it can deals with significant variations

of the thermal parameters involved in the heat diffusion equation. Indeed, we demonstrated

that the linear contribution (n = 1) remains largely dominant behind the nonlinear ones

(n = 2, · · · , 1) in diffusion problems. Therefore, we propose to limit the decomposition

(44) as:
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As we viewed in relation (4), the non-integer order integral of a function depends on the

entire time history of the function, from the initial time up to the current time t. Therefore,

since the second kernel involves different time values within the expression of the convolution

product, we could assume that the previous sum in relation (46) can be merged in the form

of the relation (16). It leads defining an equivalent impulse response hNL such as:

T (t) =

Z 1

0

hNL (⌧) q (t� ⌧) d⌧ (48)

We are fully aware that this approach is destabilizing since, by definition, the convolution

product of the input q (t) by the impulse response of the system is linked to the linearity of

this system. The hNL (t) function should therefore not be seen here as the impulse response

of the system but rather as a more general transfer function involving the non-linearities of

the system. We will illustrate this approach on a test case in the next section.

B. Illustration of the method

Let us consider a 2 mm thick slab heated at the surface and with heat loss at the opposite

face. As showed in figure 11(a), the thermal conductivity of the material is assumed to

vary linearly from 50 W/m/K down to 20 W/m/K when the temperature varies from 0

up to 200 °C respectively. The density and specific heat are assumes constant, ⇢CP =

4.2 ⇥ 106 J/K/m3. The heat exchange coefficient at the opposite face is assumed to vary
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Justification
Since the non integer integral involves all the %me history of the integrand func%on, 
it is well suited with the introduc%on of a generalized transfer func%on that accounts 
with non-lineari%es.

(a) (b)

Figure 10. (a) thermal conductivity and heat exchange coefficient variations according to the

temperature within the plate; (b) the amplitude of the heat flux q is generated as a PRS with

amplitude 4 ⇥ 105W/m2, the temperature is simulated at the surface using the FEM (y) and the

identified model (TNL) given in relation (49).

(a) (b)

Figure 11. values of parameters ↵i and �i identified within the relation (49) from heat flux q (t) =

q0 PRS (t) and temperature y (t) represented in figure 10(b), according to the initial temperature

Tsample. (a) q0 = 105W/m2, (b)q0 = 4⇥ 105W/m2.

25

Increasing q0 leads to involve larger non 
lineari(es and thus to limit the range of 
temperature inves(gated by the model

(a) (b)

Figure 15. (a) interpolation method for the calculation of the piecewise impulse responses when

y (t) evolves between values of the sample temperature. (b) calculation of the general impulse

reponse for the three values of q0 in relation (55).

calculated impulse responses according to the value of y (t) at time t. As presented in the

figure 15(a), it leads to calculate the interpolated piecewise impulse response at time t, where

Ti  y (t)  Tj, as:

hij (t) = Ci hi + Cj hj (56)

Where Ci and Cj are the interpolation coefficients defined as:

8
<

:
Ci =

Tj�y(t)
Tj�Ti

Cj =
y(t)�Ti

Tj�Ti

(57)

The temperature Ti and Tj must be part of the Tsample values that have been investigated

during the system identification process and they are two contiguous values. Finally, the

general impulse response hq (t) is reconstructed from the piecewise functions hij as:

hq (t) = hij (t) (58)

We reported in figure 15(b) the general impulse responses hqi (i = 1, 2, 3) corresponding

to the values of yi (i = 1, 2, 3) linked with the three different values qi (i = 1, 2, 3).

Therefore, the future time steps method is implemented using the general impulse re-

sponse hq (t) within the relation (51). Since the method is sequential, the calculation of
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