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Introduction

Objective: To build a reference thermal model that can handle
large and complex urban geometry

Scientific questions:
▶ including city geometry in weather and climate services (ANR MC2),
▶ influence of geometry: detailed vs. simplified (e.g., 3D vs. 1D;

homogenization; etc.),
▶ numerical validation of the models or meshes in use,
▶ better understanding of coupled mechanisms through sensitivity

studies.

Steps: To use probabilistic models with random walks for
▶ thermal conduction (random walk-on-sphere, WOS),
▶ solar and infrared radiation (multiple reflection ray-tracing).
▶ Convection is accounted for with known hF and TF .
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Introduction

Temperature-derived observables:
▶ probe computation (0, 1, 2, 3D), (e.g., thermocouples)
▶ radiance temperature rendering (e.g., thermography),
▶ parametric sensitivities (linear or non-linear, Symbolic MC).

Geometry: triangulated surface from each volume, with their
connections (conformal mesh)

Free software: addition of solar irradiations in stardis (Méso-Star)
funded by ANR MC2 project.

More details in the article Caliot et al., 2024, International Journal of Heat and Mass Transfer
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Probabilistic model: conduction in solids (opaque)



∂

∂t
Ts(x⃗, t) = α∆Ts(x⃗, t), x⃗ ∈ DS , t > τI , (1a)

Ts(x⃗, t) = TI , x⃗ ∈ DS ∪ ∂DS , t ⩽ τI , (1b)

Ts(y⃗, t) = TD(y⃗, t), y⃗ ∈ ∂DS,D, t > τI , (1c)

ks,1 ∇Ts(y⃗, t) · n⃗1 = ks,2 ∇Ts(y⃗, t) · n⃗2, y⃗ ∈ ∂DS,S , t > τI , (1d)

ks ∇Ts(y⃗, t) · n⃗ = q̇F (y⃗, t) + q̇R(y⃗, t) + q̇o(y⃗, t), y⃗ ∈ ∂DS,F , t > τI , (1e)

q̇F (y⃗, t) = hF (y⃗, t) [TF (y⃗, t)− Ts(y⃗, t)], (2)

q̇R(y⃗, t) = hR(y⃗) [θR(y⃗, t)− Ts(y⃗, t)], (3)

q̇o(y⃗, t) =

∫ +∞

0
dλ

∫
2π

dΩ(ω⃗) |ω⃗ · n⃗| ε(y⃗, λ) Io(y⃗, t,−ω⃗, λ). (4)

Ts(y⃗, t) = PC Ts(y⃗ − δbn⃗, t) + PF TF (y⃗, t) + PR θR(y⃗, t) +
q̇o(y⃗, t)

hT
, (5)

PC(y⃗i, t) =
ks(y⃗i, t)

δb hT (y⃗i, t)
, PF (y⃗i, t) =

hF (y⃗i, t)

hT (y⃗i, t)
, PR(y⃗i, t) =

hR(y⃗i, t)

hT (y⃗i, t)
,

hT (y⃗, t) =
ks(y⃗, t)

δb
+ hF (y⃗, t) + hR(y⃗, t).
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Probabilistic model: coupling sub-paths at interfaces

Figure: Representation of random paths starting at an outdoor wall with RBC to
compute Ts(y⃗i)
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Probabilistic model: radiation (diffuse or specular surfaces)



ω⃗i · ∇I(x⃗, ω⃗i, λ) = 0 , x⃗ ∈ DF , (6a)

I(y⃗i,−ω⃗i, λ) = ε(y⃗i+1,−ω⃗i, λ) Ib(y⃗i+1, λ) +∫
2π

dΩ(ω⃗i+1) ρ
′′(y⃗i+1,−ω⃗i|−ω⃗i+1, λ)×

|ω⃗i+1 · n⃗i+1| I(y⃗i+1,−ω⃗i+1, λ) , y⃗ ∈ ∂DS,F . (6b)
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Probabilistic model: Monte Carlo

Ts(y⃗0, t0) ≈ T̃s(y⃗0, t0) =
1

N

N∑
k=1

Wk,

σ̃T̃s
=

1√
N

√√√√ 1

N

N∑
k=1

Wk
2 − T̃ 2

s (y⃗0, t0).

Wk(y⃗0, t0) = H(tn ⩽ τI) TI + H(tn > τI)

{
H(y⃗n ∈ ∂DS,D) TD(y⃗n, tn) +

H(y⃗n ∈ ∂DS,F ) TF (y⃗n, tn) +H(y⃗n ∈ ∂Dsky) Tsky(y⃗n, ω⃗n, tn)

}
+Wo,k,

(7)

Wo,k =
1

hT

no∑
j=1

{
Wo,d(y⃗j) +

( nr,j∑
m=1

H(y⃗m ∈ ∂DL
S,F ) W

L
o,r,d(y⃗m)

)
+

Wo,sky(y⃗nr,j+1) +WF
o,r,d(y⃗nr,j+1)

}
.

(8)
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Probabilistic model: flowchart

~y ∈ ∂DS,F

R 6 PR

~y ∈ ∂DS,F

PR<R6PR+PC

TF

Radiative path
sampling ~y ∈ ∂Dsky

Tsky

Start from
camera
~x0 ∈ DF

Conductive
path

sampling
(WOS)

t 6 τI

TI

Start from
solid

~x0 ∈ DS

Interface
identification
(PC , PF , PR)

Start from
interface
~y0∈∂DS,F

~y ∈ ∂DS,D

TD

Absorbed
solar

irradiation
(q̇o,d, q̇o,r)

Yes

Yes

No

Yes

Yes
No

Yes

No

No

No

C. Caliot, (LMAP, UPPA, CNRS, FédESol) Journée thématique SFT 07/12/2023 10 / 22



Numerical validation: 1D slab (TI = 293 K, TF = 273 K)

(a) Temperature profiles in
concrete slab (Case 1)

(b) Temperature profiles in EPS
slab (Case 1)

(c) Scaled differences with MCM
confidence intervals
for concrete (Case 1)

(d) Scaled differences with MCM
confidence intervals
for EPS (Case 1)
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1D 2-layer slab (TI = 283 K, TF,i = 273 K, TF,e = 293 K)

(a) Temperature profiles
for Case 2

(b) Scaled differences with MCM
confidence intervals

for Case 2
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Numerical validation: 3D thermal bridge (TI = 293 K, TF,i

= 293 K, TF,e = 313 K)

(a) View in +Y axis
direction

(b) View in −Z axis
direction

(c) Temperature field
computed with OpenFoam
(−X axis view)

A comparison of Ts time evolution is drawn for three points:

[0.35; 0.35; 0.15] inside EPS,

[0.5; 0.5; 0.05] inside concrete, and

[0.6; 0.5; 0.05] outside concrete wall.
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Numerical validation: 3D thermal bridge (TI = 293 K, TF,i

= 293 K, TF,e = 313 K)

(a) Transient temperatures for
three locations

in Case 3

(b) Scaled differences with MCM
confidence intervals

for three locations in Case 3
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Numerical validation: radiation in urban geometry (Ts =
283 K, Tsky = 273 K)

(a) HTRDR-Urban
rendering (Case 4)

(b) Reference radiance
temperature computed with
HTRDR-Urban (Case 4)

(c) Scaled differences
between our code and

HTRDR-Urban (Case 4)
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Application to a heat wave scenario: conditions

(a) Building lines with trees and
centred body surface (Sb)

(b) Temporal evolution of air
temperature and solar irradiations

TF,e(t) = 308.15 + 5 sin(2π [t− 0.4]), (9)

TI TF,i Tg Tb TF,e Tsky

heat 305.211 298.15 283.15 300.15 Eq. 9 TF,e − 20

wave Si Sb hF θd N δb ϵb
scenario (m2) (m2) (W m−2 K−1) (rd) (-) (mm) (mm)

33168 1.77 10 4.65 × 10−3 105 2 0.5
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Application to a heat wave scenario: observables

(a) Thermal environment
accounting for trees

(b) Thermal environment without
trees

TR,b(t) =

[
1

σSB Sb

∫
Sb

dA(y⃗0) Hb(y⃗0, t)

] 1
4

, (10)

Hb(y⃗0, t) =

∫ +∞

0
dλ

∫
2π

dΩ(ω⃗0) |ω⃗0 · n⃗0| I(y⃗0, t,−ω⃗0, λ).

T s,i(t) =
1

Si

∫
Si

dA(y⃗0) Ts(y⃗0, t), (11)
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Application to a heat wave scenario: TR,b(t), T s,i(t)

(a) Temporal MRT on the body
surface during the heat wave
scenario

(b) Temporal average internal wall
temperature during the heat wave
scenario
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Conclusion and future work

Conclusion:
▶ Validation of a probabilistic heat transfer model in urban geometry

with solar irradiation
▶ The approach manage complex urban geometry with trees
▶ Specular surfaces introduce variance in MC estimates (increase N)

Future work:
▶ Enrich the model (Eq. for TF , non-linear physics → ANR MCMET)
▶ Compare with other approaches (codes) for validation and tests of

assumptions (new contacts)
▶ Weather services: two-way coupling with CFD (→ ANR MC2)
▶ Climate services: one-way coupling with climate data (→ ANR MC2)
▶ Apply to inverse problems in urban geometry (thermography,

thermocouples, etc.)
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Merci pour votre attention
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Appendix

TI TF,i TF,e hF ∆x ∆t N δb ϵb
(K) (K) (K) (W m−2 K−1) (mm) (s) (-) (mm) (mm)

Case 1 293.15 273.15 273.15 10 1 0.72 105 ∆x δb/4
Case 2 283.15 273.15 293.15 10 1 0.72 105 ∆x δb/4
Case 3 293.15 293.15 313.15 10 10 2 105 ∆x/7 δb/4

T (K) Pρ (n, k)

Case 4

ground 283.15 0.5 −
walls 283.15 0.5 −
windows 283.15 − (1.7, 0.636)
sky 273.15 0 −
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Appendix

Material
λs ρs Cp,s d Pρo PρR
(W m−1 K−1) (kg m−3) (J kg−1 K−1) (m) or (n, k) or (n, k)

concrete 1.8 2400 1000 0.4 0.8 0.2
EPS 0.035 20 1300 − − −
ground 1 1300 1900 10 0.5 0.2
glass 1 2500 900 0.005 (1.52, 0) (1.7, 0.636)
body − − − − 0 0
tree − − − − 0.2 0
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