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1. Objectives, models & direct problems, internal/external representations

2. Parameterizing a function & parcimony principle

3. State-space representation, model terminology & structure, measurements
4. Different types of inverse problems, measurements & noise, bias

5. Physical model reduction
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1. Objectives of a mode| M (in heat transfer)

First objective: Simulation of physical reality = Direct Problem

zero initial response
temperature

—» | Real system —_— Y (f)

@ mono-
output

mono-
input —— Model M(ﬁ) —l ymcr (!’, B, U)
excitation

structural W

u(t) :heat source/flux, variable external temperature

Y  :measured temperature at given time t and given location

Ymo : modelled temperature at given time t and given location



Example: model of a semi infinite medium (1 input - 1 output)

o°T 10T )
— =
— Temperature y ? Ox a ot
—l T (x, f)
— 0
u( ¢ ./ > -k —T (x,t=0)=u(t) ! state
Heat fl —> |0 Xs X Ox equations
eat flux /
. sensor T finite as x —»> o
T(x,t=0)=T, (x)
Perfect temperature sensor: y = yexact

Output equation: Yo (t) =T (X, 1)
Solution of direct problem: Yo 1) = Yo reiax (1) + Yino forced ()

External representation: Ymo (t) = J: G (g, X, t)To(x) dx + I; Z(t-r)u(n)dr

Green'’s function convolution product

b5 [exp(_ (&4;:)2}%[_ (XS4Z)2J] 2)- leH exp (- /4at) Z: k/kppccs




zero initial :
Thermal impedance:

temperature
field — | Realsystem | — v (7)) 1
Z(t)= exp (—xZ/4at
U (f) — mono- () b.mt p( % )
output
mono- ( p
input —p | Model M( B) | == v, (t, B, 1) _ 1
Z (M) =—— e xpla)

b/p

p = Laplace parameter (s1)

parameters [ =(a, b, X;)

Vootoce (P) = Z(P) T(pP) with f (p) :j: f (t)exp(-pt) dt

a
Parameter list 8 = (a, b, X,) —) Parameter « vector» B =|Db

XS
ainwm?2 - binJm2Kls?2 - x. inm = ”,BHZM)UZ

M of the white box type (internal representation) :
internal parameters of physical nature 4



Semi-infinite medium model: general case

initial state

Model M ( )

Structural
parameters

—p Yo (t, ﬂ: u (f), TO (X))

output

List of data of Direct Problem: X :{ B , U () : To(') }

oo

structural input initial
parameter (stimulus) state
vector

functions




2. Problem of function parameterizing & Parcimony pri nciple

TOEDIWRAC with {f,f, -}

/ \

function
on [0 tg,]

li:[U1 g, " ; O=[tOL0)-]" = u)y=u"f @)

column vectors with an infinite number of components

basis of infinite number of functions: [0 t ;] — R

u® =3 uft) = u =(u,f )
j=1 . .
projection of u (t) onto f; (t)

P truncation u,
u
in practice: Uparam (1) = % uf,(t) Zu) = u(t) replaced by u=| 2
j=1 :
L Un .
Good approximation: The model-builder has to choose 2 things:

high n = large number of parameters
1) functions f,

2) their number n



Parameterization: 2 possible choices of  local function basis

Uy ()= Y U £ (1)

u; j=1 A
v ! Loy .
/ NG y
Uy Us : : : !
- N i 1 |
u1// " FRN o H(Fat aH (ot )
i f- b f‘
h=ty 4 ba bty fr = Loy b=ty H & AT S t, =ty
f(t) a . ) w
door functions hat functions
g [ ———— 1 |- |
At
h=te t bttt fet ! ' — —t
0~ b N 2 -1 | 41 n T tsup { 0 = inf f1 fQ I}_1 f f. +1 r.’azraup
u; :averaged value over an interval U; : local discretized value — interpolated u,, .., (t)
* interesting for : * interesting for :

u (t) u) B AP T,(P)
\ / l \ \nonuniform

linear excitation initial
non linear  temperature dependent heterogeneous tempefature

excitation thermophysical properties material



Parameterization (continued)

Remarks

non-local bases available: eigenfunctions f; of the heat equation
(method of separation of variables)

U.am (t) = Fourier series, for example

orthogonal bases (with a unit function norm N) interesting: I:S“" f, (t) f, () dt =N, J;,

non constant time step possible \ st

Extended parameter vector x
gathering the Direct Problem data:

B
x={B,u(), ,(P)} -~ x=|u

\ 7 _
list parameterized
functions




Parcimony principle: limitation of the number of parameters
(or of degrees of freedom) to be sought

inverter :

beginner experienced

constraint \

objectives:

= parameters .
greediness:

too many parameters sought real|st_|c _
/ quality of measurements parameterization
or available a priori information

ideal
parameterization



3. State-space representation, model terminology & structure, measurements

div (k: grad T) +0,, = PC %—-[ + Boundary, interface and initial conditions

N\

W/im3
distributed parameter system

State of the system = continuous temperature field: T (P,t) =T, (t)

Discretized state becoming = vector: T (t) = [T,(t) T,(t) - Ty(t)]

in a N dimension space (number of nodes)

lumped parameter system: Oclj—-lt- =E (@ T,U) with T(t=t)=T,

Linear heat source (excitation): Gy (P )— U(t) = [u1 (t), u, () U ('[)]T

p excitated nodes

Non-linear heat source: Qyo (T (P, 1)) —— U (t) = [U (T (1), u(T,(t)) ---u(T, (t))]T

p excitated nodes 10



State-space representation (continued)

Case of a linear heat source with temperature independent thermophysical properties and coefficients

E{T,U=AT+BU with A and B: constant matrices

State equation
ar _ =AT+BU T (f = =T,
ar * ~, input or control (t=1t) =Ty
/ l \ vector (p x 1) \
state or evolution state input initial state
matrix vector matrix (Nx1)
(N x N) (Nx 1) (N x p)
Output equation
=C T
/ \ state vector
(Nx1)
output vector output matrix (selection of
(gx1) (g x N) observed nodes) 11




Output equation: detailed

insulation 1

temperature
sensor

volume Ay,

\S
®

T |

T, (1)
Vma @ [0 00 0(1)~ 0000 Ijg; q =5 observed temperatures
Ymo2 )| |0 00 0O O - 0 0 0O (output)

Yoo )= Yoz ® |=[0 0 0 0 0 - 0 0 0 of [

Ymoa )| |0 0 0 0 O - 0 0 0 Of|=— _
00000 @ 00 0 1178 N = 20 nodes
) ) 18

Ty ()

[ Too ()]

12



. : dT
Linear state equation : rri AT +BU

Explicit solution for temperature field:
TM=epAt-4)T,+[ ep(At-0)BU@d
and for model output:
Voo 1) =C OP(A(E-1,))T, +C [ ep(A(t-1)BU (1) dr

Relaxation of initial state forced (convolution) response

Remarks:

- advection case possible (dispersion in porous medium, one-temperature model):

div LT grad T)—[,ocf vV .grad T]+ Oy = PC Z—I + Boundary,interface and initial conditions

- coupled modes transfer : radiation in semitransparent absorbing medium
(Heat equation + radiative transfer equation) = composite state X :

T (t)} —» Discretized temperature field: position

X(t) = L ®)

— Discretized intensity field: wavelength, direction, p osition
13



- steady state case (linear) : Cé—T:AT+BU:0 T=-ABU = Y o —-CA?'BU
t

Model terminology and structure

Before parameterization After parameterization

« single output: Yo :@t, X) Y mo :@D(t, X)

I \

scalar list ! scalar extended parameter
' vector

* multiple output:é ynlo =n(t, x) Y mo =L, X)

\

column list column extended parameter
vector vector vector
: i b
+ data - x={p.u0). P} X =|u
| ! To

n(t, )orn(, .): scalar or vector function _
X or X : corresponding data (list/vector) = structure of the model 14



Structure of a parameterized model in heat transfer

Direct Problem

u.m)
Data =(B. U
\ \ Initial state
parameter vector structural parameterized
parameters input (vector)
Model output Voo =1 (£, X)

/

model output
or or
dependent variable model structure
or
explained variable

parameter vector

\\ independent variable

function or
explanatory variable

ﬂ:

dimensions of system
parametrized shape
thermophysical properties
contact resistances

heat transfer coefficients
emissivities

ﬁ struct

p pos

N\

location of detectors

15



Comparison between measurements and state model

U (t)—

Multi-input
stimulation

—>

Real physical system
with instrumentation

V(1)

Initial state /v

T, \‘

State (heat) equation
T-AT +BU

P

Analogical output
of sensors (volts)

T (1)

Sampling, digitization
and inversion of the
calibration equation

—> ¥ (T, Beap)

Digitized and noised

Parameters of sensors

outputs of sensors

ﬁcalib

!

state = temperature

field

Structural parameters of the system

ﬁsr’mcr’ = (A B)

Data of direct problem:

Vector of measuring times *

Output equation
Ymo =CT

—> VY o (tr X)

f

Position of observations

ﬁpos =C

X = (;ﬁsa‘.r'ucr»' ﬁpos: U (), TO)

t= [t1 ty - tﬁnal]T

Model output

16



Direct and inverse problems

Direct problem :

Inverse problem :

known x

part of x ?

PR

MODEL

MODEL

— ymo?

— oomy)

Objective of inverse problem: finding a part x, of x, using additional information

(output y or something else)

Extended parameter vector:

>
[

X =

Bstruct
Boos

U ()
TO

X1 sought (researched) parameters

X —+— complementary part: known

17



4. Different types of inverse problems in heat tran  sfer,
measurements & noise, bias

e inverse measurement problems — additional information stems from output signal y of sensors

e control problems
— additional information = desired (target) values of state T or output y
— sought quantity = excitation U, initial state T, or velocity/flowrate in 8

» system identification problems = model construction

- model reduction

— additional linformation = output of detailed model gt (7 Xger)

— sought quantity = structure + parameter vector of a reduced model 774, (1 ; Xgot) = Meg (T Xieq)
. . - T - T
Wlth . Xdet - [Bdet Udet TO det ] and Xred - [Bred Ured TO red ]

1) mathematical reduction : Ueg (P, t) = U4 (Pi1) = Uy = Uy
GREY BOX type TO red (P, t) = TO det (P' t) = TO det — TOred

2) physical reduction : Ueg (P, 1) = Uy, (P, 1) = U, =f, (Ug)
WHITE BOX type TO red (P1 t) = TO det (P’ t) = TO red = fTO (TO det)

In both cases: ﬂred = fﬁ (Bdet) — > explicit for physical reduction 18



-experimental model identification (belongs to inverse measurements problem class)

— additional information =y, U and T, are measured, or supposed to be known
— sought quantity = parameter vector f for a model of given structure

3 types of identified models

- white box type, based on first principles: physical meaning for p
- black box type: general structure, no physical meaning for p (neural networks)

- grey box type : in between, physical structure, no physical meaning for f

initial state
TO (X) > MOdel M (ﬁ)
Structural — Yoo (8 B U (t), Ty (X))
u(t)y =———> parameters@
input output

- optimal design problems
— additional information: quality criterion to satisfy

— sought quantity = parameter vector p with constaints, for a model of given structure



Inverse measurement problems in heat transfer

ﬁStI’UCt
_ ,BpOs Xr:% sought (researched) parameters
Extended parameter vector: x = U =1 - complementary part: known
c_|
| To

Measurements y (t) available on [t,, t. ] interval

a) Inverse problems of structural parameters estimation : X, =B,
- example 1: thermophyscal property « measurement »: X, = k or pc ora...+ h!
- example 2: calibration of a sensor/acquisition chain: V., (T, Be)
b) Inverse input problems : -
) put p x. =u (P,t)
- example: “inverse heat conduction” = wall heat flux “measurement”

C) Inverse initial state problems : X, =T, (P)

d) Inverse shape reconstruction problems

e) Inverse problems of optimal design/control
(of a characterzation experiment, for example) 20



Measurement and noise

y (t) =y (t) + &(1)

O RN

measured temperature « true » temperature Temperature
signal (sensor output) (unknown) measurement
noise
(unknown)

- only discrete values available vy, =y(t)) = E =& (ti)

- (implicit) assumptions:
— unbiased model: yeX""Ct (t) = Y mo (t, XexaCt)

— unbiased noised: E (gi) =0

21



. Physical model reduction on an example

absorbed surface power

0

| | | | | __*

A

51__5_1_4__ AR WA
b A WA bl
‘, \ ? l
NTTT

1
/ \

r

/ ‘l.

s
’ !
’ \ '

\ / rear face

Temperature sSCNsors

.'
i
!

i

- homogeneous rectangular slab, thickness e, lengths

- thermal diffusivity and conductivity a and k, volumetric heat ©C = k/a

- 4 lateral sides insulated, h heat exchange coefficient over rear face

- uniform initial temperature T,
- two dimensional heat flux absorption over front face

- J temperature sensors inside the slab

22



g Uik x
e - T T T eT _— input quantities

TR LT T :
T B 1)
ol

| 1
! 1 =+ e ek —
E‘i”'_.'___"""'_'_" = e 5}" azt a a - I|I
| i .
i ¢ &d T=T, “far t=0 |

A
g : Tix Y. 2.0 %= at x=01, :%—T_-=El at y=01
ho '
Il JlII' —k£=u{x t) :::f':='l:l' —i|r£=h[1"—]"*} at r=a
. a — 3D model A ety & I=43 = : = :
explanatony vanable
e —n(X) =Tl y. = 1t38(x v.1iels 8 h £_. £ _ak 1
Jm,r\??a'l: u'[z..}z .H_H_(.f :}jf__gf__. SR = :'
output = obsansation at sensor | . .I‘-F'I pr=" o
location (model Ma) (3 g + 9) quantities

. Dimensionlessform: T =(T - T,)/AT

ymo,i :/7*(’[, X*) = AT. T*()ﬁ*, y|*, Z*,t/Tdiff’ R U ()(’ Y, t)/AT,H, ft(, f*y) + Too

AT:TO_TOO Xi*:xi/e yi*:yi/e Zi*:zi/e E*ngxle E;:Ey/e R=elk rdiﬁ:ezla H = hel/k

parameterlist: x =(F .4 AT . T.) (3 g + 8) quantities or (+9)

structura/positions parameter vector:  # =((x;, ¥, zi), fori=1 to q), ra, R H, (5, £



g

uix y ¢ ¥
¥ " . - ¥ ; : : L

( i (%, 2) \

| Model b

x={f.u,.
B=((x, =

Vuodi () =1 (X Z;. 1)

AT.T.} (2g + 7 )quantities

T fori=13 q). Tgg. R, H, ()

¥;

?:L-;-:----L-l—-*“" g M, (X, !';I=rij :. u(x, v, 1) dy v | t | ‘
L g ] .
g g™ Tongl o Tixz.8 i
S L Toyzg ' = - e
l £ I, (x5 1) =l-[ i (x, y. z, 1) dy " -T"
z T, -'_'_1 F "
a— 3D Model / o] b — 2D Model /
¢z, 82 14 T=T, at  t=0
ax” gz" a of
3T o T
ke =u, (. f) at z=0: —k—=h(T-T,) at z=e
0= o=
Observations : S

(5) = I,% (x;, x ;)

1 m .
¥, (1) ==—2L7C", ¥ =)

R g1
averaging in y-direction
-+ x — I temperature signal

y location disappears
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|'/" u_{x,f "\ :

WG [ Rl ) e () == [ " 2t (x. 1) dlx

'
I-

Tix z 6 D)
g
hoN

Y T.

. I;[:.tj=1i|-:=ﬂ(xz,tjdx
l\_ b-2D Mﬂdel__/l' £ 0

E”i"_l&i"
&' adt
ﬁ'={{:{':, ::, for i
I'=1, for i1=0
—k£=ﬂm[r} at z=0: —k£=hrj—1’=] at z=¢
oz oz

Model ¢
Vmoa,i Ug) =1, (5. 1)

x={g,u, AT, T.} (g+6) quantities

B=(z, fori=1agq), 1;4. R H)

Tiz. th

" c=10 Mndel__)

—13q), T4, R H, ()

Measurements

1.2
yE)=— 3 L¥(x,¥)

=l

averaging in x- and y- direction

- t temperature signal

25



ﬁ/

Rt

FoOx, z,f]:ij' T {xy zi)de " _/
- e - d- 20 Fin
) i 2 =73 ¥ . _
720 ‘Finequation; (L1210 ML)  wixgd 190
e &y ke k a ot
I'=1, at t=10 £=1} i x=0 1 ;£=Dm y=0
E:". - E‘l -
Model d Measurements
.]'}mﬁii (r.i:;l = T.;" [: Ii ’ .F]i-' 'E‘,il;jI Yy ﬂ"'} i _'I'!';“P {I' : -}If’x}

or

x={f.u, . AT.T_} (2g+8)quantities () =iz I™(x, ».2"=1z)
[ PR

p=((x, }-‘L for i=1aq), 74y, R H, (0, ()

z; disappears




/ u_(x, B

[ EERE [ x rr[_};n%f: 7 (5% ik

Tix z 1)

[ 7 =

E" T.
[ )
= hel

\_ h—EDMﬂdel_‘/ H=helk <<1

1D Fin equation:

Model e

-Tma::-d {-'fk} = I:' {Iil" :i' 3 'fif}

x={f. 0. AT T, }

p=(x,%. fori=1agq), 7. R H)

N

fT!‘ Tix N

T
.

e — Fin Model

J

Py ke ke

(g + 7) quantities

FT hI-L) , u(cf) _1&T
% ' a ot

Measurements

¥ ()= iirkm &".

F Jo=1

=)

averaging in y-direction
» x —t temperature signal




f/- Bha {3, £} -N\I 1 fe 4 Sl [T} -‘\1
j | T(==] T (x1)d
D4 ¥4 ' ¥ .!'I a By l
o T i — ®
£, T. T
L]
- PG '
. B=bRModel  EERSENe f — 0D: lumped Model /
ol ™
H_H H-<<l] dT
Lumped capacitance modal: poes, (T =T =g, ()
H =ht ik
H =ht lk I=5h o =0
,hH=h£.-'k 7, r=pcelh=r,/H G=1/k
Model f  bulk temperature observation Measurements

T=T, + AT exp (—t/1)+ gjlru_(r'] exp |'_
<o X

x=(8, 1 AT, T.)
2 independent variables

g =(.G)

[ — .r| i

AT =T, —T.

1

y @)= 3 T(x, 3)

averaging in x- and y- direction
— ¢ temperature signal
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g - 1D focal Model

~

PR A4
¥
[ FEL I
a Xy £ x
::) z ..... *Flﬂ'.r“]
kN
N Tn
[ ]
= -"'m..‘{r} == I:- {:.‘r tou {_-;_r__ Vit

Anisotropic material : &k, = .i'rJ = k=K or ﬂ:g it E:u
£ chr Fii'y

1)

A
de
@

Model f ¢ independent focal temperature models
Vooi =1g; ) =T, (2.8 ; B, ulx, ¥, 1), AT, T.)
A :{ﬁw u(x;, y,,1), AT, T, }

i .
=(z' r.... R,H) \g+6)independent
bi = Tag v R He) quantities if same z.°s

Measurements

.}J_l (r.l:'} = I.Itm (Ij.:l J'Jf.l -2:']

ZY



Remarks on physical reduction (for later inversion)

* the simpler the model, the higher the possible bias (for direct simulation)
but

* detailed model may be biased too /experiment

» decrease in number of parameters

e inversion more robust /noise amplification (inversion)

» parameters keep explicit physical meaning (white box): can be exported !

o first step for later finer inversion (non linear estimation)

30



Thank you for your attention !
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