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M&gﬁ General context, white box case

2011

Real experiment

Measure of thermal

o
excitation — sample — response
___minimizes [ Optimal design of
3 experiment

T

| (estimator)

Comparison criterion

J=f(PARAMETERS)

a

Modelization of the experiment (Direct calculation)

i == = == = == = = — =

odelized excitation White box : |Mode| response =
and s structure of "f(PARAMETERS)
oundary Conditiong] model is known
(optimizer)
Confidence on PARAMETERS | Minimization |
estimations — "|MODIFICATION|" of criterion
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Metti® First: Beyong the magic of ‘trendline tool’

ROSCOFF  (‘courbe de tendance’ in francais...)
2011

20 measurements y, at 20 times t;,, i=1 to 20

16

14 s

12 » .

10 *

y (K)

£ (h)
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Ilg%%ﬁ Beyong the magic of ‘trendline tool’

20 measurements y, at 20 times t;,, i=1 to 20

16 ‘
14 o - Format de la série de données. ..
L ]
Type de graphique. ..
Q
12 o Données soUrce, .,
o Q9
o | Ajouter une courbe de tendance. ..
[n)
10 S "
o e Effacer
X 3 o
> [u] °
6 [ ] 5 o
°
4
]
2
0
0 0.5 1 1.5 2 25 3

£ (h)
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Ilg%%ﬁ Beyong the magic of ‘trendline tool’

20 measurements y, at 20 times t;,, i=1 to 20

16

14

12

10 Q o

y (K)
o
o

t (h)
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Ilg%%ﬁ Beyong the magic of ‘trendline tool’

20 measurements y, at 20 times t;,, i=1 to 20

16

14 o

12 ®
* 4 ¥ The ‘magic’ line

10 o
/ The ‘top model’ line
b The ‘OLS’ line...

° oy

— Linéaire (y)

y (K)
(o]

t (h)
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Ilg%%ﬁ Beyong the magic of ‘trendline tool’

20 measurements y, at 20 times t;,, i=1 to 20

16
14
12 . e
e ©
L J
10 o *
L ]
X g /
> [
6 ° e * oy
— Linéaire (y)
4 |
¢ y = 4.9764x + 2.067 ‘ .
" R?=09651 | 1he ‘magic’ model
0
0 05 1 15 2 2.5 3

t (h)

Let’s play with the trendline tool, and let’'s observe what happens...
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%%%ﬁ Let’s play with the ‘trendline tool

A researcher (names Y. J.) works with three students, on an experiment that begins
at 0.00 o’clock and that is during about 20h. Each student performs m=20
measurements y,. Each measurement is done with the same accuracy.

100 } } { Y. J. suspects that every
Y. . is working, | tmhga;rtilrelr;]?rr]}ct)gsln_ be explained by
g0 - between 15 and 17.5 pm —3.:'/ ,,,,,,,, P '
| | | ymo = Xlt + X2
60 SR SR S He also expects the values
= | | | X, =X, " =5K/h
40r - R bt SR oo
B P.L.M. is workin — ynom —
/"4— : <ing Xo =Xy = 2K
‘ between 5 and 7.5 am
20 e e S RRRRREELEEE
P ' D.M. is working ‘ bl;]'[ keedp them secrﬁt... Hed?sks
7 petween 0.5 and 2.5 am eac stu_ ent to use the trendline
0 1 1 1 tool on his own 20 measurements
0 5 10 15 20

t (h) and give him the value of x; and x,
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%S(Eg:’: Result of estimations in the ‘estimation plane’

5 \ [
e «—— estimation by Y.F.
45 (4.823,4.551) S S
N N S SRR SRR

(4.738,3.52)

' 35 e S E—
X, (K) $ : : : |
estimation by P.L.M. ‘

2r--- expected nominal value B (5.092,1.624)
~ estimation by D.M. —» e
1'?1.7 4.8 4.9 5 5.1 5.2

% (K /h)
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etti Result of estimations in the ‘estimation plane’

ROSCOFF
2011
iZ(K) « each student gives a
5 different result
o
4.5 \ » each student is at a
\ different distance from the
4 expected value
error by Y.F. @
35 ¢
\ \ One way to be sure :
3 error by\ « D_o experime_nt and parameter
PLM. estimation again! And again, and
2.57 \ again.... ! »
2 expected nominal value B_ error by D.M. —

1.2

The experiment is the same...
excepted the random part of it :

A 4.8 4.9

5

% (K /h)

Lecture #2 : Basics for linear estimation

5.1 5.2 the noise measurement
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%%%ﬁ Cloud of 100 estimations (&i,iz,i) for D.M.

X, (K
(K) 2.8 | | | | | | Cloud center coordinates :
o 1 100 ~
e S S S B P
NI I
' W L 3 3 1 100,
ol Mgl
2 R T T
T SR T P 3 -
m Nominal value ! i L e

1873 center of the D.M.’s cloud T
e

4.6 4.7 4.8 4.9 5 5.1 5.2 5.3 5.4
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%soeqﬁﬂ: Relative scattering of D.M.’s cloud around its center

30 1
T |
AR A S S A |

L R

2 | | I N |
B e A
oo A
W
B s a4 2 0 2 4 6 8
10022721 (op)
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Metti

ROSCOFF
2011

Three clouds of 100 estimations ()ZLH),&ZJ

(0 (T
10 \ | | e e e
o T o e . o :
o I - . RS B PSR S (O A N B
,,,,,,,,,,,,,, e
° e e e e A
b @ e
3 ) s o 3 3 3 3 1’ " L 3
2 B A N S
‘ e ISR PR S PO SO S S AU i
O B SR S Lo | . . - o I 3
Y !i 77777777777777777 41-.:9747-”747.‘96 4.58 é 5.62 5.64 5.66 5.68
A e e AR m Nominal value
P O S A S S A % Center of the D. M. cloud
% Center of the P. L. M. cloud
-8 1 1 ! 1 ?
A5 475 5 5 o% cE % Center of the Y. F. cloud
%, (K /h)
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Metti

Relative scattering of each cloud around its center

ROSCOFF
Cloud center coordinates :
400 | | : :
100 X2 (%) - 1 1005
5 300 e R 1 100 i=1 "L
200 777777777777777777 = 1 100 ~ .
i o... 2 100 |:1 2 |
100F- - F-———--4 gt o e — e -
100 [ [ [ ~ . | |
L | | TR | :
Y. F. is working, between e ROIE Vo RN g e A I 1
go -~ 15and 17.5 pm —».:-/ ,,,,,,,, | i AL St |
| ¥ | I P |
| N . o o h T o 1
R 1 AN |
< A S S LR S ]
~ | | | R
A T *L*M*ié\}\[dfk{r{gj 7777777777777777777 777777777777 777777777777 777777777777 77777777777 |
/ between 5 and 7.5 am 3 3 3 3
7 : : | B
o D M. is wcbrkmg betwéen i i | i
- - 0.5and 2.5 am -5 ~ 0 5 10 15
% 5 10 15 20 1002 (%)
t(h)
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Metti
ROSCOFF esults

2011

Each student can annonce now :
- the central value of its cloud of 100 estimations
- a size of the region (absolute and relative) in which are located the majority of its

estimations
Student D.M. P.L.M. Y.F.
Time range (h) 05h-25h| 5h-75h 15h-17.5h
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Metti

ROSCOEF First comments

2011

@)

Lecture #2 :

Finally we can say that to the question :
‘Find the x, and x, values of model y_, =Xt +X,,

given m measurements y, at t. ZK) . (T~

the answer is not : ) UL N SO S
‘a unique point (X3, X,)" 220 X et

but rather : A N N
] A A ‘ L 1K) PSR IS S NPT Y E S G

a SPOT (or a cloud) of points (X;,X,)* = NPl N
because of random noise measurement. bl RN
In Other Words : 4.4 4‘.6 4‘.8 é 5‘.2 5‘.4 5‘.6 5.8
‘Blur on measurements gives blur on estimations’ X (K/h)

Here clouds of estimations have elliptical shapes with high density in
the central region

The center of each spot is very close to the nominal value

The ideal spot would be : - with the ‘smallest’ extension

- centered on the nominal value

Basics for linear estimation | June 14t 2001 slide # 16




Metti

ROSCOFF

2011

Next comments : influence of experimental conditions

O It seems that certain experimental conditions are better than others :
here, measurements have to be ‘close’ to t=0

o Suppose we know the equation of the elliptical solution spot (detailed

later) :

What happens if noise measurement
magnitude changes ?

3.5

3

25

~

|
,,,,,,,,,,,,,,,,,,,,,,

,,,,,,,

,,,,,,,,,,,,,,,,,,,,,,,

,,,,,,,,,,,,,,,,,,,,,,

noise halfed ]

X,(K)
LBF - NN NN
1””””"‘( ”””” D N
noise doubled
0 )
04 4‘.5 é 5‘.5 é 6.5
X, (K /h)

Lecture #2 : Basics for linear estimation |

What happens if number of
measurements (m=20) changes ?

3.5
3
25
X 2
X,(K)

15
1

0.5

0
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Msecgg Back to the magic...
2011

o So it would be very interesting to predict the performances of a
parameter estimation method in term of ‘spot (or cloud) of estimations’
without achieving 100 experiment/identifications!

o We must try to predict the shape of the ‘spot of estimations’ (that will
be called ‘the confidence region’), associated to only one
experiment/identification realisation

o But before, we have to reveal the secret of the ‘magic/top model/OLS
line’... | |

q Ao 5
o Format de la série de données. .,

o Type de graphique. ..

Q

Données soUrce, ..
1)

| Ajouter une courbe de kendance. ., |4_ Add a trendline

Effacer

Lecture #2 : Basics for linear estimation | June 14t 2001 slide # 18




%soeqﬁﬂ: Roadmap for estimation #1 : measurements

Real experiment

o Measure of thermal
excitation —— sample — response
f | (estimator)
__ _minimizes [ Optimal design of Comparison criterion
3 experiment J=f(PARAMETERS)
|
| |
: Modelization of the experiment (Direct calculation)
| . . .
|| Modelized excitation Model |Mode| response =
: and N > function of :f(PARAMETERS)
| oundary Conditiong [PARAMETERS
l (optimizer)
Confidence on PARAMETERS | Minimization |,
estimations — "|MODIFICATION|" of criterion
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Metti

R%So(_:'q'FF Roadmap for estimation #1 - measurements

Real experiment

Measure of thermal
response

excitation — sample —

(mx1) experimental measurements vector

YV =[Vo ¥Vl with y, =y).t =t +(i-Ddt . i=1.m

(mx1) time vector (explicative variable)

— t
t _[tlo.-ti.o.tm]
(mx1) measurement errors vector

_ t
E = [51 L E gn] &, be the (unknown) error associated to the measurement

Some assumptions have to be done on these measurement errors.
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Metti

ROSCOFF Roadmap for estimation #1 : measurements
2011
Number Assumption on measurement errors Explanation
1 Additive errors Y =Y pertect TE€
2 Unbiased model Y perfest = Yimo (XT)
3 Zero mean errors E[¢] =0
4 Constant variance Var[g] = o?
5 Uncorrelated errors Cov[ge,]=0 for i # |
6 Normal probability distribution
7 Known statistical parameters
8 No error in the X; X is not a random matrix
9 No prior information regarding the parameters

A Is the expected value operator (representing the mean of a large number of
© realizations of the random variable)

Covariance Matrix of measurement errors

w = E|(e -E[e])(¢ —E[¢])'| = Elee'| =diag(0?, .07, -,07)=1.07

£
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%soeqﬁﬂ: Roadmap for estimation #1 : measurements

Real experiment

o Measure of thermal
excitation —— sample — response
f | (estimator)
__ _minimizes [ Optimal design of Comparison criterion
3 experiment J=f(PARAMETERS)
|
| |
: Modelization of the experiment (Direct calculation)
| . . .
|| Modelized excitation Model |Mode| response =
: and N > function of :f(PARAMETERS)
| oundary Conditiong [PARAMETERS
l (optimizer)
Confidence on PARAMETERS | Minimization |,
estimations — "|MODIFICATION|" of criterion
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%sg(t?'ﬁ Roadmap for estimation #2 : model

(mx1) experimental measurements vector

Yo (6 X) = Yo 1t X) oo Yo (6 X) - Vg (£ X))

with Y, (t,X) = n(t,x)

parameters vector (nx1): X = [X1 Xn]t

Modelization of the experiment (Direct calculation)

odelized excitation Model |Mode| response =
and »  function of {(PARAMETERS)
oundary Conditiong |PARAMETERS

With here: Y, (T, X) = Xt + X,

Lecture #2 : Basics for linear estimation June 14t 2001 slide # 23




%%%ﬁ Roadmap for estimation #2 : model

ymo(t’ X) — Xlt T X2

NB : that model is said ‘linear’ on the parameter estimation point of view because it
IS linear with respect to its parameter x;. The following model

Y. (t,X) =X/t +x,.erf(t)

is still linear with respect to its parameter x; even it is not with respect to time. The
following model

ymo (t’ X) = Xl\/f t eXp(—th)

IS not linear with respect to x,

Lecture #2 : Basics for linear estimation June 14t 2001 slide # 24




%{qﬁg Roadmap for estimation #2 : model

Writing the m model values for the m time values , the m resulting equations
can be written in a matrix way as following :

yn?o’l Lo I S|(t) S, (t1)_ | L 1]
- X, : : S

Ymoi | S|t LH ] or |y, =Sx | with S=|S,(t) S,(t)|=|t 1
: S 2 : : .
_ymo,m _ 1:m 1 _Sl(tm ) SZ (tl)_ 1:m 1

Sensitivity matrix

. sensitivity coefficient relative

to parameter x, k=1,...,n
t,xj for j£k

with S, (t,X) = 9Y mo (1, X)
0X,,

Lecture #2 : Basics for linear estimation | June 14t 2001 slide # 25




Metti

R%%ﬁ(?]FF Roadmap for estimation #3 : the cost function

Problem : use the m(=20) measurements to estimate the n (2) unknown parameters :
Overdetermined problem transformed in a minimization problem :

16

14 { : /
z T /\4‘ I 171y, _ymo,i(tiv)’(\)

y (K)
)

t (h)
Residual vector (mx1)
r(),(\) = y _ymo(),(\) = [yl _ymo,l(tli)’(\) yi _ymo,i(ti’),(\) ym _ymo,m(tm’),(\)]t
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Metti

R%%‘EﬁFF Roadmap for estimation #3 : the cost function

Without any a priori information on the parameters and given the above assumptions
for measurements errors, the square of the Euclidian norm of the residual vector is
minimised :

Jois(R) = [r Q) =[y -

This scalar number is called the Ordinary Least Squares (OLS) cost function

Jos(R) = Y1 (%)° :i[yi —isj(mi,-)] = (Y, =Y oy (8, RO

i=1 ' i=1

With a matrix formulation it gives :

Jous () =Y =Y o (O] y =y o (X)]
Jows (X) = [y _S)’(\]t[y _S)’(\]
The solution of the problem is then : X, ¢ = arg[min(JOLS(i)]
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Metti

ROSCOFF Roadmap for estimation #4 : the OLS solution
2011
The OLS estimator is the one that minimizes the scalar function Jo s(X)
0
~ _ _ ox,
O dos (Xos) =0 with O, = a
0X,,

Dx‘]OLS()’(\) = 2[Dx[y _ymo()’(\)]] t[y _ymo()’(\)]

Knowing that S' :[nymc,(>2)]t and Y mo(X) =SX

0,Jos (X) = =25ty -SX|

Then Xqs is solution of : [StSJXOLS = Sty (the Normal Equation)
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Metti

R%%ﬁ(?]FF Roadmap for estimation #4 : the solution

~ te Lt
=) | Xous :{S S]>5 y
SNSN—
NB : [StS]_lS_,t (nxm) is the Moore Penrose matrix
If we distinguish parameters to be estimated x, from parameters that will be fixed x,
Yo (X)=SX =S, X, +S.X,

(Sy(t) . Si(t) [ Sralt) o Sg(ty) |

_Sl(tm) Sr(tm) _Sr+1(tm) Sq(tm)

—
XoLs :QS:Sr ]ﬁs:(y —ScX)

Matrix S'S needs to be inverted

113
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Metti® Roadmap for estimation #5 : the confidence

ROSCOFF through the covariance
2011

exact ,

e, =X, o (X.) =X error on estimations

exact

e. =X, — X, . deterministic error (bias) on parameter

)’(\r,OLS()—Zc) :Ar (y _SC)—ZC) and y :ymo(xexaCt)+£=SrXr(exact +SCX§xact s

_ & ~ exact _ — - t -1 t
— €, =X, oqs(X)=X"" =A e-ASce =€ te, , A _[SrSr] S,

Random contribution due to the non-random (deterministic)

random measurement contribution to the total error vector

errors due to the deterministic error on the

fixed parameters
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Metti

R%soqﬁFF Roadmap for estimation #5 : the confidence

Covariance of estimations
C, =cov(e,,) = E[e,iel,] = A E[se']A! = A wA! =[ss [*0? =C,

is a matrix (rxr) that amplifies the noise measurements
(we have found the danger!)

—lss "

Bias of estimations
Ele,,]=-AS.e, =[s's,|'s!s.e, #0

., [ ‘ ]—1 ) Is a matrix (rx(n-r)) that amplifies the bias on fixed
SIS SIS, parameters (we have found another danger!)
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Metti

R%soqﬁFF Roadmap for estimation #5 : the confidence

For a fixed value of X, the covariance matrix of estimations errors is

C = COV(er) = E[(er - E[er])(er - E[er])t] = E[erle:l] = Cov(erl) = Cl

r

The covariance matrix components are

erl’erz) te Cov(erl’ err )
cov(e,,,e, )

sym

Individual variances on the r estimations are on the diagonal
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M&gﬁ Roadmap for estimation #5 . the confidence

2011

c,=|sis,['o?

if O ,f IS not measured before the experiment, an estimation of it
may be obtained at the end of estimation thanks to the final

value of the objective function :

Jots ()'(\r,OLS (X)) = iri ()’(\OLS (X, ))2

a non biased estimation of Jﬁ for the estimation of r parameter from the use of m
measurements is thus given by

A2 ‘JOLS (),(\r,OLS()?C ))
g, =
n—r
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Metti

Confidence ellipse at confidence level a

ROSCOFF
2011
X, 4 KKy Equation in centered (OX,, X, )
XK, axes
Ox'.S'S.ox =&\
P:
b & N = x. ., (2)0;
AN ! XNia £
c e
A~ &y o { 2
1
=0.95 Xf_a(z) is computed by
chi2inv(alpha,2) in MATLAB®
for a confidence region at a
level 95% (a=0.95)
)210Ls X4

Equation in principal axes (d('l, 5('2) . OX " NOX'= A2
Where A =diag(A,,1,) contains the eigenvalues of S'S

Lecture #2 : Basics for linear estimation
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Metti onfigence ellipse at confidence level a

ROSCOFF
2011
Xp 4 . Ky
X, Length of the two half axis are
‘long’ if eigenvalues are ‘small’ :
P: —_ /
P; d(l 101 — A/ Al
K,
=0.95
Notice : determinant of S'S
Is given by
| te) —
| _ det(S'S) = A,
)210Ls X4
the area of the region inside A=71p0.0, = Nq(2)0; _ .. (2)o;
the ellipse is given by v \/det(StS) JAA,

Lecture #2 : Basics for linear estimation
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Metti

R%%ﬁ(?]FF Roadmap for estimation #5 : the confidence

-1 2 . . L
C = [S:Sr] O, :‘absolute’ covariance matrix of estimations

We can use S™ =S.diag(x) instead of S, whose the columns contain the

reduced sensitivity coefficients (of same unit than model y,.)

) _ oy (t,x) ay . (t,x)
Sc(t,X) = XS (t,x) = x, 2 - o
Xy t,x; for jzk Tk :
Xk
0Y o (L, X) Those reduced coefficients give the

absolute variation of model due to
«<—— relative variation on parameters
They can be compared between them and compared to the magnitude of noise
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Metti

R%soqﬁFF Roadmap for estimation #5 : the confidence

S/(t) Sit)] [xt x

S’ S’ (t.) g’ (t,) With that reduced sensitivity matrix, we
! 1 can build the relative covariance matrix

I
. |_\><
—t+

S, (t) Sht)| [ Xt X

( g, JZ \ka(erlierz) COV(erl,err)

Xl,O LS

[SS]O-‘? C*:

Relative standard deviation /
of each estimation!
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Metti

R%%ﬁ(?]FF Roadmap for estimation #5 : the confidence

The same can be done with the ellipse equation

Ox'.S'S.Ox = &

with S™ = S.diag(x ""}8 = S'diag(x ™)™

gives (diag(x™™)'8x | .S'S.diag(x"™")Ex = A

~—

X

nom
X

» Relative confidence ellipse (in %)
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%SO%EH: Cloud with absolute and relative Ellipses pour D.M.

40 { {
w o _ .
c_Ds relative confidence ellipse
S 30N T at level of confidence a=95%
C_E | |
= 20F- N N
)
&)
_ _ o 10N N
Absolute confidence ellipse ° | e |
at level of confidence a=95%<" o >~ - e N SRR
2.8 ‘ ‘ ‘ | ’ l |
- [ e N N
24 ] T e e
2.2
B0 TN
2
e o 5 0 5 10

1.6 % of central value

14

4.5 4.75 5 5.25 55

Lecture #2 : Basics for linear estimation June 14t 2001 slide # 39




@5
M&Eﬁ Residuals analysis

2011

Last, for qualifying the quality of estimation : the residuals analysis
r()’(\) = y _ymo()’(\) = [yl _ymo,l(tl’),(\) yi _ymo,i(ti’)’(\) ym _ymo,m(tm’),(\)]t

Difference between measurements and model response with optimal parameters
must ‘look like’ noise measurement : ‘the right model with the right parameters must

explain the measurements except its random part’

r; (x) A
OK, see if the
0 —v A A A W e—>  ——  variances are not
t; too large
(@ Uncorrelated residuals
ri(x)A

1

Not OK : there may
be a problem in the

e .
O‘m ,ﬂ“‘“ > model or in the
y measurements
(b) Signed residuals
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Metti® Roadmap for estimation : anticipating the

ROSCOFF performances
2011

*t *
The danger has been identified : the inversion of S'Sor S S

It has been shown that the matrix S'S is fundamental in the processus of
parameter estimation :

- It has to be inverted to achieve the OLS estimation

- it also has to be mverted to compute the covariance matrix. The inverse of S'sS
respectively S~ S plays the role of "noise amplification®, in absolute or,
respectively, in relative values

- the eigenvalues of S'S enable the calculation of the lengths of the half
principal axis of the elliptical confidence region

- the determinant of S'S enables the calculation of the area of the elliptical

confidence region

——» lllustration in our examples, using too the conditioning number of S'S
SENSITIVITY COEFFICIENTS composing S MUST BE LINEARLY INDEPENDENT
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Metti Graphical analysis of reduced sensitivity

ROSCOFF ici i
2011 coefficients : independent case

-
B

o
tn
=)
tn
(=]
tn g U

%

k:n
<
L__U&
) Q

-

-

t

=)
X% “
o
j\

Lecture #2 : Basics for linear estimation June 14t 2001 slide # 42




Metti

ROSCOFF

2011

‘Graphical’ analysis of reduced sensitivity
coefficients : dependent case

Lecture #2 :

Basics for linear estimation

*
SJ-
T
&
/
*
SJ-
t
@©
.
Sk
sF
*
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t
®
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Analysis of sensitivity coefficients in our triple situation
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5 400 | | |
MEttl_ Summary of Indicators 00 E R S A |
2011 Y.F.is worklng 2000 o I il
80 - gﬁ;tween 15 and 17.5 _' o o '-'...,..:\. 77777777 . — F
R I . " |
3 : | X, =X, | oy M |
T D DY SR A -1001100 -2 ©) A L R .
V‘— P L.M. is worklng 5 L |
o between5and 7.5 | 2% [ %%
A DM, iPfbrking ! 3001 (%) 100 2——1
0 " between 0.5 and 2.5 3 | 1
0 5 am t%i?) 15 20 409, 10 5 0 5 10 15
Student D.M. P.L.M Y.F.
Time range (h) 05h-25h|5h-75h | 15h-17.5h |~ Indicators
" are ‘red’ :itis
Ain0fS'S 1 1.03el 6.5e-1 | 6.2e-2 | not a good
A OF S™'S” 1.29e3 1.8e4 1.3€5 design to
Y : ! ! have large
det(S ‘'S ) 1 1.34e4 1.18e4 | 8.0e3 | times for
Ellipse area | 3.52e-4 3.99e-4 1 5.9e-4 1 simultaneous
e estimation of
cond(S"'S)=A__ [A. ||124e2 2.78e4 11 2.1e6 11 X, and x,
Lo | -0.93 -0.995 1 -0.993 «
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