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Lecture 1: Getting started with problematic inversions

Denis Maillet, Yvon Jarny, Daniel Petit, Olivier Fudym, Philippe Le Masson
LEMTA Nancy - LTN Nantes - Institut P’ Poitiers - Ecole Mines Albi - LIMATB Lorient

Example 1. Square system of linear equations

Example 2: Different inverse problems fo steady state 1D heat transfer through a
wall
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Example 1. Square system of linear equations

10 x;, —21x, =9
39 x, -81x, =1

scalar relationship — vector

10 - 21 exact 3 exact 9
S = X =X = = Y =S X =
39 -81 1 36

| |

Direct problem:  input (known) output (calculated)

Model iy, = 7 (X)

|

Structure of model
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I
10
S =
[39
inverse problem:

Solution with exact data y,,,:

Solution with noisy datay :

10 -21 y
39 -81

] {39517}

-21
—-81

x

9
Yoo = S xexact = [36j|

]

data (known) unknown

exact _

X =Sy =X = [ﬂ No problem !

_ o] 91 0.1
y_ymo &= 35 7 £_|:_0.3:|

noise

S exact |:14O :|
X =X +e,6 =

Noise amplification !

53 % error for x,

T IX 0.233 77 % error for X,

estimate  estimation error / 3
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5 1/2
Euclidian distance (L2norm): |u | = (Z uf}
i=1

X> A A
? Parameter space X y2 Observation space Y
2 s ol YN
.,
e, 30| LY mor, “a
X Xexact s
1| O——F
e, =X — x¥ 1 Zoom -/*
estimation error - 10F E=ZY " Yo RN
Measurement error (noise)
] | | > ] | | >
0 1 2 3 X 0 5 10 Yi
7| _Je.| _ 1774
k, (g) = H =1 X1 = =5.61 d —
e a et(S)=9
ci apsO= [e] ~ Je] o316 (S)
coefficients of _
amplification of maximum: K, (€) < cond (S) = 958
measurement _ /
error (leverage) % HS 5” HS Ymo | | e, H/HXeXM _1.774/3.16 _

k. (£) =

lel/lyml  l&l/lym| 031673711
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Example of
inverse
heat conduction
problem (IHCP)

40

watts

s N

hours hours
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Direct p'roblem

Computed
Temperatures

Heat flux Model(s)

Inverse problem
Retrieved heat flux ? Measured temperatures 5
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Example 2: Different inverse problems fo steady state 1D heat transfer through a wall

Physical system with sensors

Thermal model

. glﬁenri&?!ture SeNnsors: for exact output of sensor T,
1 on rear face (exact measurement T,)  homogeneous material
1 inside (X = X4 ; NOiSy measurement y) (conductivity A)
* steady state
T T « stimulation q (x = 0)
o * 1D heat transfer
: * no internal source
o « Fourier law
Ty EJ/
- | T, ! | € Possible objectives
—» TSE (types of inverse problems)
a —> E r T, « flux g entering the wall (x = 0) ?
.y i » front face temperature T, ?
0 X X, o > X * internal temperature distribution T (x) ?

e conductivity A ?
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EE T rurofmerm
. 0°T . oT
State equations: T ? — =0 with -A— =q and T| __ =T,
ox? 0X x=e
x=0
model structure
Assumption: A known, no error for T,
Ymo = Tx =1 (X5 0, Tg,A) =Ty —q x/ A no error for e and xq
parameters Objective: find d, TO' TX
dependent
variable )
or explained Output equation: T, =7, (Xs; g, T, A)
variable
Xy X X
=1, (_’To’Te j: 1-— Ty + =T,
€ e e
T T Measurement:
: y = T, + & — Random variable
l | |
E measurement l noise p'd'f: E ( g) =0 E (82) =0
) exact
T : ' unknown A
0 Y temperature \
— Tx_é ¢ & o\,
—> TSE S .
q - 0
— ! {7, o -
. ! Estimation = exact matching: estimate
] > X
0 X X e

Xy =
poren(Bin)



Solution of inverse problem: estimation of T,

TAO = 1 * y - XS * Te
1- X 1- X
Estimation error: o= €/(1- x:) = E (e;,) =0

\l
>
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with

and

*
XS

=x,/e

g, =a/(l—x:)

Good estimation of T, for shallow measurement

Estimation of T (X) :
_7:0_ * * *
* ~ 1-Xx X -
eTi Trecalc (X) = ,72 (X ’TO) :Tx = + > Te
TO_ 1-x 1-x
. with X =x/e
—>
—> Estimation error:
—p *
X . 1-x
0 e, =Ké¢ = o, =Ko with K = -

1- X
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Two regions for estimation of T,

o, =Ko with K= 1-X _ - in between measurements points X [ X, ,€]
1- X, interpolation = attenation of error
K<l
A well-posed problem (Hadamard, 1902):
T o
: - solution exists
' - it is unique

extra- o terolati - it depends continuously of the data

polation ' Interpolation
S N O PO

: |
eri \ T « outside measurements points interval X [ [O : XS[
TO - e@; : y extrapolation = attenation of error

—. ] K > 1
> | T ! X2

1 ) : ill-posed problem (Hadamard, 1902)
—> exact S' T,

q distribution | 2
—> estimated T
distribution e XS - € = K - ® D X#e
—> : ;
0 X, X X, e Very bad design !
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Estimation of fluxq: §=A y - Te
e — X
o _ A _ A 1 1
Estimation error: €y = £ = 04 = o= 0,/q= p
e — X e — X 1-x, SNR
SNR = (T, - T,)lo
T T signal over noise ratio
—fo- E Numerical application:
eTiT : e=02m - A=1W.mtK?-T,-T,=30C
0 34 x,=0.18m- 0=0.3C
—> |
. TSE = SNR =100 and o,/q =10 %
q |
—> : T,
—> ! > X mid-slab measurement:
0 Xs e X, =e/2=010m = g,/q=2%

10
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Errors for parameters "assumed to be known"

Assumption: A known, no error for T,
A no error for e

T error for xg
Objective: find q, Ty, T,
¢ = data = information
—To- (megsured/nomlnal) X" = x_+ 5
€10 l l
— TO - = ? y nominal (« a priori ») location
1 : Tl Ig’ location of sensor error
—> [ (deterministic) (random)
T : - exact
s location
—> (exact) Tnom K\ (random)
q T
—> P : exact *T
.5 1 distribution e pdfi E(J)=0 E (&) =0,
> S
0 nom > X 1
XS XS e \Joos
(exact) (\
>5
0
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Signaland model: Y =77, (X, /e, Ty, T,)+&e=n, (X" /e, T,,T,)+ &
with =0T, -T,)e+¢
Equivalent temperature noise : g% =var (£)=0°+ ( 0= Te)/e) ? asos
= 02 (L + SNR?/ RZ_)
T A with R, =€/ 0,
Estimation error: a, /q= 1 _ 1
_72 - estimated distribution 1- X, SNR’
€ro 0 : ‘
SNR '= (T, - T,) o'
° 1&g . Ig' _ L
—> T o Numerical application:
—> ° nom AN e=02m - A=1W.mLK!-T, —T,=30C
q .S RN x;=0.18m- 0=0.3C - g, =2mm
—> : exact ) T
: 0 1+ distribution € = SNR =100
—> - > X Roos = €/ 0nos = 200/ 2 =100
0 nom
Xs Xs e
= 0,1q=141%
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Assumption: no error for T,

no error for e AT = A7+ ey
no error for xg l l
error for A . . -
. . . nominal (« a priori ») conductivity
ObjeCtIVGZ find d, TO1 Tx conductivity error
(deterministic) (random)
exact
. . conductivity
Estimation of flux g : (random)
_ exact
Q:Anom Yy Te =/] +e;| (T -T +£) pdf E(e/]):o E(eAZ):Uj
e — X e - X = °
S S

A
exact _
_ e, Te)[1+ e, j“ £ \%
e — X, A&ect T.-T

s e N
Estimation error: \ .5
0
assumptions: - small e, / A%
- large SNR
exact +e = exact 1 + e/] + 3 . . . .
q q =G et T T Numerical application:
S e
e=02m-A=1W.mlK!-T —-T,=30C
& _ & 1 ¢ =0.18m- 0=0.3C “on
= qexact - Aexact +SNR E Xs = V. = o= )

Opos =0 mm
0,=0.1 W.mlKt
1/ 2 = 0,/9=10.1%
a, o’ 1
= +
exact

( exact)2 SNR2

13
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Thank you for your attention !
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